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Abstract 



In 2003, Kechris, Pestov and Todorcevic showed that the structure of certain 
separable metric spaces - called ultrahomogeneous - is closely related to the com- 
binatorial behavior of the class of their finite metric spaces. The purpose of the 
present paper is to explore different aspects of this connection. 
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Introduction. 



1. General notions and motivations. 

The backbone of the present work can be defined as the study of 'Ramsey theo- 
retic properties of finite metric spaces in connection with the structure of separable 
uhrahomogeneous metric spaces'. Our original motivation comes from the recent 
paper 1461 of Kechris, Pestov and Todorcevic connecting various areas of mathe- 
matics respectively called 'Frai'sse theory of amalgamation classes and uhrahomo- 
geneous structures', 'Ramsey theory', and 'topological dynamics of automorphism 
groups of countable structures'. More precisely, the starting point of our research is 
a new proof of a theorem by Pestov which provides the computation of a topological 
invariant attached to the surjective isometry group of a remarkable metric space. 
This theorem contains two main ingredients. 

The first one is the so-called universal Urysohn metric space U. This space, 
which appeared relatively early in the history of metric geometry (the definition 
of metric space is given in the thesis of M. Frechet in 1906, [24]), was constructed 
by Paul Urysohn in 1925. Its characterization refers to a property known today 
as ultrahomogeneity: A metric space X is ultrahomogeneous when every isometry 
between finite metric subspaces extends to an isometry of X onto itself. With this 
definition in mind, U can be characterized as follows: Up to isometry, it is the 
unique complete separable ultrahomogeneous metric space which includes all finite 
metric spaces. As a consequence, it can be proved that U is universal not only for 
the class of all finite metric spaces, but also for the class of all separable metric 
spaces. This property is essential and is precisely the reason for which Urysohn 
constructed U: Before, it was unknown whether a separable metric space could 
be universal for the class of all separable metric spaces. However, U virtually 
disappeared after Banach and Mazur showed that C([0, 1]) was also universal and 
it is only quite recently that it was brought back on the research scene, thanks in 
particular to the work of Katetov j45j which was quickly followed by several results 
by Uspenskij [92j , |93j and later supported by various contributions by Vershik [94j , 
[95j , Gromov [29j , Pestov [73] and Bogatyi [3] , [4] . Today, the study of the space 
U is a subject of active research and is being carried out by many different authors 
under many different lights, see [80] . It is also worth mentioning that the ideas 
that were used to construct the space U contain already many of the ingredients 
that were used twenty-five years later to develop Frai'sse theory, a theory whose role 
is nowadays central in model theory and in the present paper. 

Recall now the concept of extreme amenability from topological dynamics (Our 
exposition here follows the introduction of 46! ). A topological group G is extremely 
amenable or satisfies the fixed point on compacta property when every continuous 
action of G on a compact topological space X admits a fixed point (ie a point x € X 
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such that yg (z G g ■ x ~ x). Extreme amenabihty of topological groups naturally 
comes into play in topological dynamics when studying universal minimal flows. 
Given a topological group G, a compact G-flow is a compact topological space X 
together with a continuous action of G on X. A G-flow is minimal when every orbit 
is dense. It is easy to show that every G-flow includes a minimal subflow. It is less 
obvious that every topological group G has a universal minimal flow M(G), that 
is a minimal G-flow that can be homomorphically mapped onto any other minimal 
G-flow (For a proof, see Furthermore, it turns out that M{G) is uniquely 

determined by these properties up to isomorphism (A homomorphism between two 
G-flows X and y is a continuous map tt : X — > Y such that for every x € X and 
g ^ G, 7r(g ■ x) = g ■ tt{x). An isomorphism is a bijectivc homomorphism). When G 
is locally compact but non compact, M{G) is an intricate object. However, there 
are some non-trivial groups G where M(G) trivializes and those are precisely the 
extremely amenable ones. Pestov theorem provides such an example: 

Theorem (Pestov [73j ). Equipped with the pointwise convergence topology, the 
group iso( U) of isometrics of U onto itself is extremely amenable. 

Most of the techniques used in [73j come from topological group theory. How- 
ever, a careful analysis of the proof together with another result of Pestov in |72| 
according to which the automorphism group Aut(Q, <) of all order-preserving bi- 
jections of the rationals is also extremely amenable allowed to isolate a substantial 
combinatorial core. The identification of that core is precisely the content of j46| 
and shows the emergence of two major components: Fraisse theory and structural 
Ramsey theory. 

Developed in the fifties by R. Fraisse, Fraisse theory provides a general model 
theoretic and combinatorial analysis of what is called today countable ultrahomo- 
geneous structures (Again, our exposition follows here the introduction of [46] but 
a more detailed approach can be found in 22j or [40j ) . Let L = {Ri : i e /} be 
a fixed relational signature, and X and Y be two L-structures (that is sets X , Y 
equipped with relations i?^ and FCf for each i G I). An embedding from X to Y is 
an injective map tt : X — *■ Y such that for every i G I and xi, . . . , Xn € X: 

{xi,...,Xn) £ Rf- iff (7r(xi),...,7r(x„)) £ RJ . 
An isomorphism from X to Y is a surjective embedding. When there is an 
isomorphism from X to Y, this is written X = Y. Finally, (^) is defined as: 

^ = {X C Y : X = X} 

When there is an embedding from an L-structure X into another L-structure Y, 
we write X ^ Y. A class JC of L-structures is hereditary when for every L-structure 
X and every Y € /C: 

Xs$ Y^Xe/C. 

It satisfies the joint embedding property when for every X, Y G /C, there is 
7i G IC such that X, Y ^ Z. It satisfies the amalgamation property when for every 
X, Yo, Yi € /C and embeddings fo ■ X — > Yq and /i : X — > Y, there is Z e /C 
and embeddings go ■ Yq — > Z, gi : Yi — > Z such that go ° fo — 9i° fi- 

Let F be an L-structure. Its age, Age(F), is the collection of all finite L- 
structures that can be embedded into F. F is ultrahomogeneous when every iso- 
morphism between finite substructures of F can be extended to an automorphism 
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of F. Finally, a class K. of finite L-structures is a Frai'sse class when /C contains only 
countably many structures up to isomorphism, is hereditary, contains structures of 
arbitrarily high finite size, has the joint embedding property and has the amalga- 
mation property. With these concepts in mind, here is the fundational result in 
Frai'sse theory: 

Theorem (Frai'sse [21] ). Let L be a relational signature and IC a Frai'sse class 
of L-structures. Then there is, up to isomorphism, a unique countable ultrahomo- 
geneous L-structure F such that Age{F) = IC. This structure F is called the Fra'isse 
limit of IC and is denoted Flim(/C). 

The fundational result of Ramsey theory is older. It was proved in 1930 by 
F. P. Ramsey and can be stated as follows. For a set X and an integer I, let [XY 
denote the set of subsets of X with I elements: 

Theorem (Ramsey 81j). For every k e a;\{0} and l,m £ lo, there is p £ lo so 
that given any set X with p elements, if [XY is partitioned into k classes, then there 
isYi^lX with m elements such that [y]' lies in one of the parts of the partition. 

However, it is only in the early seventies thanks to the work of several people, 
among whom Erdos, Graham, Leeb, Rothschild, Nesetfil and Rodl, that the es- 
sential ideas behind this theorem crystallized and expanded to structural Ramsey 
theory. Here are the related basic concepts: For k,l G uj \ {0} and a triple X, Y, Z 
of L-structures, Z — > (Y)^; is an abbreviation for the statement: 

For any X : (x) — > k there is Y e (y) such that |x"(x)l ^ ^■ 

When ^ = 1, this is simply written Z — > (Y)^. Now, given a class K. of finite 
ordered L-structures, say that IC has the Ramsey property when for every X, Y G /C 
and every k E uj \ {0}, there is Z g /C such that: 

z (Y)^ 

The techniques developed in [46] show the existence of several bridges between 
extreme amenability, universal minimal flows, Fra'isse theory and structural Ram- 
sey theory. For example: Let L* be a relational signature with a distinguished 
binary relation symbol <. An order L* -structure is an L*-structure X in which the 
interpretation of < is a linear ordering. If IC* is a class of L*-structures, IC* is 
an order class when every element of IC* is an order L*-structurc. 

Theorem (Kechris-Pestov-Todorcevic [46j). Let L* D {<} be a relational sig- 
nature, JC* a Frai'sse order class in L* and {F, <^) — Flim(/C*). Then the following 
are equivalent: 

(1) Aut(i^, <"'^) is extremely amenable. 

(2) IC* is a Ramsey class. 

Together with several similar theorems, this result sets up a general landscape 
into which the combinatorial attack of extreme amenability can take place. When 
one is interested in the study of extreme amenability for a group of the form 
Aut(Flim(/C*)), this theorem can be used directly. However, the range of its appli- 
cations is not restricted to this particular case. The combinatorial proof of Pestov 
theorem quoted previously provides a good illustration of that fact. Here are the 
main ideas. A first step consists in making use of the following Ramsey theorem 
due to Nesetfil: 
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Theorem (Nesetfil |63j ). The class A4q of all finite ordered metric spaces 
with rational distances has the Ramsey property. 

A second step is to refer to the general theorem. It follows that the group 
G := Aut(Flim(A4Q)) is extremely amenable. Finally, the last step establishes 
that G embeds continuously and densely into iso(U), and that this property is 
sufficient to transfer extreme amenability from G to iso(U). 

The success of this strategy led the authors of |46j to ask several general ques- 
tions related to metric Ramsey theory, among which stands the following one: 

Question: Among the Frai'sse classes of finite ordered metric spaces, which 
ones have the Ramsey property? 

This general problem can be seen as a metric version of a well-known similar 
problem for finite ordered graphs out of which originated an impressive quantity 
of research in the seventies. In our case, it is undoubtedly the main motivation 
to look for classes of finite ordered metric spaces with the Ramsey property, and 
several examples will be exposed throughout the present paper. 

Together with Ramsey property, another combinatorial notion related to Frai'sse 
classes emerges from |46) . It is called ordering property and will also receive a 
particular attention in this article. 

As previously, fix a relational signature L* with a distinguished binary relation 
symbol < and let L be the signature L* \ {<}. Given an order class JC* of L*- 
structures, let JC be the class of L-structures defined by: 

/C = {X : (X,<^) e K.*}. 

Say that /C* has the ordering property when given X e /C, there is Y S /C such 
that given any linear orderings <-'^ and on X and Y, if (X, , (Y, <'^) £ JC* , 
then (Y, <^) contains an isomorphic copy of (X, <''^). For us, ordering property 
is relevant because it leads to several interesting notions. 

The first ones are related to topological dynamics and extreme amenability: 
Still in [46] . it is shown that for a certain kind of Frai'sse order class JC* , the 
ordering property provides a direct way to produce minimal Aut(Flim(/C))-flows. 
Better: When the Ramsey property and the ordering property are both satisfied, 
an explicit determination of the universal minimal flow of Aut(Flim(/C)) becomes 
available. This fact deserves to be mentioned as before [46], there were only very 
few cases of non extremely amenable topological groups for which the universal 
minimal flow was explicitly describable and known to be metrizable. This method 
allowed to compute the universal minimal flow of the automorphism group of sev- 
eral remarkable Fra'isse limits like the Rado graph TZ, the Henson graphs i/„, the 
countable atomless Boolean algebra Boo or the Ho-dimensional vector space 'V p 
over a finite field F. 

The second kind of notion is purely combinatorial and is called Ramsey degree: 
Given a class JC of L-structures and X e /C, suppose that there is ^ € a; \ {0} such 
that for any Y G /C, and any /c e w \ {0}, there exists Z e /C such that: 

z ^ mil- 

The Ramsey degree of X in JC is then defined as the least such number, and it 
turns out that its effective computation is possible whenever JC is coming from a 
JC* satisfying both Ramsey and ordering property. 
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In fact, the paper |46j allows to see the determination of universal minimal flows 
and the computation of Ramsey degrees as the two sides of a same coin. However, 
the combinatorial formulation turned out to carry an undeniable advantage: That 
of allowing a variation which led to a new concept in topological dynamics and 
which may have appeared much later if not in connection with partition calculus. 
The variation around the notion of Ramsey degree is called big Ramsey degree, while 
the new concept in topological dynamics is called oscillation stability for topological 
groups. 

A possible way to introduce big Ramsey degrees is to observe that Ramsey 
degrees can also be introduced as follows: If F denotes the Frai'sse limit of a Frai'sse 
class /C, X G /C admits a Ramsey degree in /C when there is I Cz lu such that for any 
Y g /C, and any fc e \ {0}, 

The big Ramsey degree corresponds to the exact same notion when this latter 
result remains valid when Y is replaced by F. Its value T;c(X) is the least I E uj 
such that 

Though not with this terminology, Ramsey degrees and big Ramsey degrees 
have now been studied for a long time in structural Ramsey theory. However, 
whereas the well-furnished collection of results in finite Ramsey theory very often 
leads to the determination of the Ramsey degrees, there are only few situations 
where the analysis of big Ramsey degrees has been completed. Here, we modestly 
expand those lists with theorems related to classes of finite metric spaces. 

Oscillation stability for topological groups is much more recent a notion. In- 
spired from the Banach-theoretic concept of oscillation stability, it appears for 
the first time in [46] and is more fully explained in the books '74' and [75' by 
Pestov. It is important as it captures several deep ideas coming from geometric 
functional analysis and combinatorics. For a topological group G, recall that the 
left uniformity Ul (G) is the uniformity whose basis is given by the sets of the form 
Vl — {{x,y) ■ x~^y € V} where V is a neighborhood of the identity. Now, let 
denote the completion of {G,Ul{G)). The structure may not be a topological 
group (see |10j ) but is always a topological semigroup (see [83j ). For a real- valued 
map / on a set X, define the oscillation f on X as: 

osc(/) = sup{|/(y) - f{x)\ : y e X}. 

Now, let G be a topological group, / : G — > M be uniformly continuous, and / 
be the unique extension of / to G^ by uniform continuity. Say that / is oscillation 
stable when for every e > 0, there is a right ideal T C G^ such that 

osc(/ \ I) < e. 

Finally, let G be a topological group acting G continuously on a topological 
space X. For / : X — > M and x e X, let fx ■ G — > M be defined by 

VgeG /.(<?) = /(gx). 

Then say that the action is oscillation stable when for every / : X — > M 
bounded and continuous and every x £ X , f^ is oscillation stable whenever it is 
uniformly continuous. 

The relationship between big Ramsey degrees and oscillation stability can be 
particularly well understood in the metric context. First, call a metric space X 
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indivisible when for every strictly positive k Cz uj and every x ■ ^ — * there 
is X C X isometric to X on which x is constant. It should be clear that when 
X is countable and ultrahomogcneous, indivisibility of X is related to big Ramsey 
degrees in the Fraisse class Age(X) of all finite metric subspaces of X: The space 
X is indivisible iff the 1-point metric space has a big Ramsey degree in Age(X) 
equal to 1. Observe also that indivisibility can be relaxed in the following sense: If 
X = {X, d"^) is a metric space, Y C X and e > 0, set 

(Y), ^{xeX -.ByeY d^ix, y) ^ e}. 
Now, say that X is e-indivisible when for every strictly positive k € to, every 
X ■ X — > k and every e > 0, there are i < k and X C X isometric to X such that 

With this concept in mind, here is the promised connection: 

Theorem (Kechris-Pestov-Todorcevic [46], Pestov [74], [II])- For a complete 
ultrahomogeneous metric space X, the following are equivalent: 

(1) When iso(X) is equipped with the topology of pointwise convergence, the 
standard action o/iso(X) on X is oscillation stable. 

(2) For every e > 0, X is e-indivisible. 

A consequence of the youth of the notion of oscillation stability for topological 
groups is that the list of results that can be attached to it is fairly restricted. The 
most significant result so far in the field was obtained by Hjorth in [39|: 

Theorem (Hjorth [39]). Let G be a non-trivial Polish group. Then the action 
of G on itself by left multiplication is not oscillation stable. 

However, some well-known results can also be interpreted in terms oscillation 
stability. For example, with §°° denoting the unit sphere of the Hilbert space £2 
(Here, following the standard notation, £2 denotes the Banach space of all real 
sequences (xn)neui such that J2'^=o is finite), it should be mentioned that 
a problem equivalent to finding whether the standard action of iso(S°°) on §°° 
is oscillation stable motivated an impressive amount of research between the late 
sixties and the early nineties. It is only in 1994 that Odell and Schlumprecht finally 
presented a solution (cf [HL]), solving the so-called distortion problem for £2- 

Theorem (Odell-Schlumprecht [71J). The standard action o/iso(S°°) on E>°° 
is not oscillation stable. 

The last part of this work is devoted to the similar problem for another metric 
space and called the Urysohn sphere. From the finite Ramsey theoretic point of 
view, this space shares many features with the space §°° and for some time, the 
guess was that this similarity would still hold at the level of oscillation stability. 
Quite surprisingly, it is not the case, and we will show in section l4?2l that the solution 
to the distortion problem for the Urysohn sphere goes the opposite direction. 

2. Organization and presentation of the results. 

Chapter 1 is devoted to the presentation of several Fraisse classes of finite metric 
spaces whose role is central in our work. 

One of the most important ones is the class A4q, of finite metric spaces with 
rational distances. Its Urysohn space (the name given to the Fraisse limit in the 



2. ORGANIZATION AND PRESENTATION OF THE RESULTS. 



7 



metric context) is a countable ultrahomogeneous metric space denoted Uq and 
called the rational Urysohn space. Several variations of Mq are also of interest 
for us: The class A^Qn]o.i] of finite metric spaces with distances in Qn]0, 1], whose 
Urysohn space is the rational Urysohn sphere Sq. The class of finite metric 
spaces with distances in uj, leading to the integral Urysohn space U(^. And finally 
the classes A4(jn]o,m] of finite metric spaces with distances in {f , . . . , m} where m 
is a strictly positive integer, giving raise to bounded versions of U^^ denoted Um- 

Two other kinds of classes appear prominently in our work. The first kind 
consists of the classes of the form Us of finite ultrametric spaces with distances in a 
prescribed countable subset S of ]0, +oo[. Every Us leads to a so-called ultrametric 
Urysohn space denoted Bg and which, unlike most of the Urysohn spaces, can be 
described very explicitly. The second kind consists of the classes AI5 of finite metric 
spaces with distances in S where S* c]0, +00 [ is countable and satisfies the so-called 
4:-values condition, a condition discovered by Delhomme, Laflamme, Pouzet and 
Sauer in [9] and which characterizes those subsets S c]0, +oo[ for which the class 
Alg of all finite metric spaces with distances in S has the amalgamation property. 
Every Ms leads to a space denoted Us which can also sometimes be described 
explicitly when S is finite and not too complicated. 

Finally, we finish our list with two classes of finite Euclidean metric spaces, 
namely the class Hs of all finite affinely independent metric subspaces of the Hilbert 
space £2 with distances in S where is a countable dense subset of ]0, -l-c»[, and the 
class Ss of all finite metric spaces X with distances in S which embed isometrically 
into the unit sphere §°° of £2 with the property that {O^jjUX is affinely independent 
(5 still being a countable dense subset of ]0, -foo[). The corresponding Urysohn 
spaces are countable metric subspaces of £2 and S°° respectively. Unfortunately, 
because of the combinatorial difficulties which arise when trying to work with those 
objects, they will only appear anecdotically in our work. 

Once those Fraisse classes and their related Urysohn spaces are presented, we 
turn our attention to the interplay between complete separable ultrahomogeneous 
metric spaces and Urysohn spaces. We start with considerations around the follow- 
ing questions: 

(1) Is the completion of a Urysohn space still ultrahomogeneous ? 

(2) Does every complete separable ultrahomogeneous metric space appear as 
the completion of a Urysohn space ? 

The answer to (1) is negative and is provided by an example taken from an 
article of Bogatyi 0]. On the other hand, the answer to (2) turns out to be positive 
and provides our first substantial theorem, see Theorem [6l 

Theorem. Every complete separable ultrahomogeneous metric space Y in- 
cludes a countable ultrahomogeneous dense metric subspace. 

We then turn to the description of the completion of the Urysohn spaces pre- 
sented previously. It is the opportunity to present several remarkable spaces, among 
which the original Urysohn space U (as the completion of Uq), the Urysohn sphere 
S (as the completion of Sq), the Baire space Af (and more generally all the com- 
plete separable ultrahomogeneous ultrametric spaces), as well as the Hilbert space 
£2 and its unit sphere §°°. 
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Chapter 2 is devoted to finite metric Ramsey calculus and, as already stressed 
in the first section of this introduction, is mainly concerned about new proofs along 
the line of the combinatorial proof of Pestov theorem via Nesetf il theorem and the 
theory developed in [46j. For completeness, we start with a presentation of Nesetf il 
theorem leading to the following result. For S c]0, +oo[, let Aig denote the class 
of all finite ordered metric spaces with distances in S. Then (see Theorem ll3|) : 

Theorem (Nesetf il |63j ). Let T c]0, +oo[ be closed under sums and S be an 
initial segment ofT. Then Mg has the Ramsey property. 

Then, we show that similar results hold for other classes of finite ordered metric 
spaces. The first class is built on the class Us'- Let X be an ultrametric space. Call 
a linear ordering < on X convex when all the metric balls of X are <-convex. 
For S c]0, +00 [, let U^'^ denote the class of all finite convexly ordered ultrametric 
spaces with distances in S. Then (see Theorem [T4l) : 

Theorem. Let S (Z]0,+oo[. ThenlAg"^ has the Ramsey property. 

The second kind of class where we can prove Ramsey property is based on the 
classes Ms- Let /C be a class of metric spaces. Call a distance s €]0, +oo[ critical 
for K. when for every X S /C, one defines an equivalence relation on X by setting: 
Vx, y G X X K, y ^ d^{x, y) ^ s. 

The relation « is then called a metric equivalence relation on X. Now, call a 
linear ordering < on X G /C metric if given any metric equivalence relation « on 
X, the ^-equivalence classes are <-convex. Given S c]0, -|-oo[, let denote 
the class of all finite metrically ordered metric spaces with distances in S. Then 
(see Theorem [T5)) : 

Theorem. Let S be finite subset o/]0, -|-oo[ of size \S\ ^ 3 and satisfying the 
A-values condition. Then has the Ramsey property. 

After the study of Ramsey property, we turn to ordering property. For S initial 
segment of T c]0, -|-oo[, T closed under sums, ordering property for A4g can be 
proved via a probabilistic argument, see [62j . We present here a proof based on 
Ramsey property (see Theorem [TO]) : 

Theorem. Let T c]0, +oo[ he closed under sums and S be an initial segment 
of T . Then has the ordering property. 

We then follow with the ordering property for Ug"^ and for A^™^, see Theorems 
US] and [211 

Theorem. The class hi^^ has the ordering property. 

Theorem. Let S be finite subset o/]0, -|-oo[ of size \S\ ^ 3 and satisfying the 
A-values condition. Then Al™^ has the ordering property. 

As mentioned in the first section of the introduction, Ramsey property together 
with ordering property allow the computation of Ramsey degrees. In the present 
situation, we are consequently able to compute the exact value of the Ramsey 
degrees in the classes M.s when S is an initial segment of T with T c]0, +oo[ is 
closed under sums (see Theorem . Us (see Theorem [M)) and Ms where 5' is a 
finite subset of ]0, -|-oo[ of size \S\ ^ 3 and satisfying the 4-values condition (see 
Theorem 



2. ORGANIZATION AND PRESENTATION OF THE RESULTS. 



9 



Finally, we turn to applications in topological dynamics. Wc first present the 
proof of Pestov theorem about the extreme amenability of iso(U) and then follow 
with several results about extreme amenability and universal minimal flows. For 
example (see Theorem l37l) : 

Theorem. The universal minimal flow ofiso{Bs) is the setcLO{Bs) of convex 
linear orderings on Bg together with the action iso{Bs) x c1jO{Bs) — > c1jO{Bs), 
{9, <) ' — defined by x <3 y iffg^^{x) < g^^{y). 

On the other hand, recalling that M denotes the Baire space (see Theorem 

Theorem. The universal minimal flow of iso{M) is the set cLO{M) of convex 

linear orderings on Af together with the action iso(Af) x cLO(A/') > cLO{M), 

{9, <) ' — defined by x <s y iffg~^{x) < g"^{y). 

As a last example (Theorem |43| : 

Theorem. Let S he finite subset o/]0, +oo[ of size \S\ ^ 3 and satisfying the 4- 
values condition. Then the universal minimal flow of iso{Us) is the set mLO(C/g) 
of metric linear orderings on Us together with the action iso( Us) x mLO( Us) — > 
mLO{Us), ig,<) I — ><f defined by x <9 y iff g-^{x) < g-\y). 

In particular, the underlying spaces of all those universal minimal flow are 
metrizablc. 

We finish Chapter 2 with several open questions concerning Ramsey property 
for the classes A^s as well as a possible connection between Euclidean Ramsey 
theory and a theorem by Gromov and Milman. 

Chapter 3 is devoted to infinite metric Ramsey calculus. We start with a short 
section on big Ramsey degrees. Short cannot be removed from the previous sentence 
because in most of the cases, the determination of big Ramsey degrees turns out 
to be too difficult for us to complete. Still, there is one case where we manage to 
provide a full analysis (see Theorem [50|) : 

Theorem. Let S be a finite subset o/]0, +oo[. Then every element of Us has 
a big Ramsey degree in Us- 

In fact, we are even able to compute exact the value of the big Ramsey degree. 
This has to be compared with (see Theorem ISTj) : 

Theorem. Let S be an infinite countable subset o/]0, +oo[ and let X be in Us 
such that \X\ ^ 2. Then X does not have a big Ramsey degree in Us- 

We follow with a section on the indivisibility properties of the Urysohn spaces. 
Recall that a metric space X is indivisible when for every strictly positive k ^ lo 
and every x ■ X — > k, there is X C X isometric to X on which x is constant. After 
the presentation of several general results taken from [9| , we provide the details of 
the proof of the following theorem (see Theorem [52]) : 

Theorem (Delhomme-Laflamme-Pouzet-Sauer ^). The space S'q is not indi- 
visible. 

Then, we turn to the study of indivisiblity of simpler Urysohn spaces, namely 
the spaces Um- We first present the most elementary cases where general theo- 
rems such as Milliken theorem or Sauer theorem can be applied. Using techniques 
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inspired from the general theory of indivisibility of countable structures with the 
so-called free amalgamation, we then prove the general case (see Theorem I57p : 

Theorem (NVT-Sauer). Let m lu, m ^ 1. Then Um *s indivisible. 

We follow with the indivisibility of the ultrametric Urysohn spaces. As for big 
Ramsey degrees, these cases turn out to be accessible and lead to the following 
theorem (proved independently of Delhomme, Laflamme, Pouzet and Sauer in f9]), 
see section [3^ (|60)) : 

Theorem. Let X be a countable ultrahomogeneous ultrametric space with dis- 
tance set S c]0, +oo[. Then X is indivisible iff X — Bs and the reverse linear 
ordering > on M induces a well-ordering on S . 

In fact, ultrametric Urysohn spaces behave so nicely that we are even able to 
establish the following refinement (see Theorem [6T|) : 

Theorem. Let S be an infinite countable subset o/]0, +oo[ such that the reverse 
linear ordering > on R induces a well-ordering on S. Then given any map f : 
Bs — > OJ, there is an isometric copy X of Bs inside Bs such that f is continuous 
or injective on X . 

After ultrametric Urysohn spaces, we finish the section on indivisibility with 
the study of the spaces Us when S is finite and satisfies the 4-values condition. 
Our proof only covers the case jS*! ^ 4 but even so turns out to be long and tedious 
(see Theorem [63|): 

Theorem. Let S be finite subset o/]0, +cxd[ of size \S\ ^ 4 and satisfying the 
4:-values condition. Then Us is indivisible. 

After indivisibility, we turn to oscillation stability. There are some cases where 
it is easy to study. For example, unsurprisingly in view of the previous results, 
complete separable ultrahomogeneous ultrametric spaces enter this category (see 
Theorem 1551). 

Theorem. Let X be a complete separable ultrahomogeneous ultrametric space. 
The following are equivalent: 

i) The standard action of iso{X) on X is oscillation stable. 

ii) X — Bs for some S c]0, -|-oo[ finite or countable on which the reverse 
linear ordering > on R induces a well- ordering. 

However, in most of the cases, the study of oscillation stability seems to be 
hard to complete. The case of S°° was already presented in the previous section 
of this introduction. The last part of this work is devoted to the somehow similar 
problem for the Urysohn sphere S, namely: Is the standard action of iso(S) on S 
oscillation stable? We show that the answer is positive (Theorem IM)) : 

Theorem. The standard action of iso{S) on S is oscillation stable. 

This result also allows to reach interesting metric partition properties for two 
remarkable Banach spaces. For example (Theorem 171)) : 

Theorem. For every e > 0, the unit sphere o/C([0, 1]) is e -indivisible. 
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On the other hand, Holmes proved in |40j there is a Banach space (U) such 
that for every isometry i : U — > Y of the Urysohn space U into a Banach space 
Y such that Oy is in the range of i, there is an isometric isomorphism between (U) 
and the closed linear span of i"U in Y. Very little is known about the space (U), 
but in the present case, Theorem l69l directly leads to (see Theorem [75t : 

Theorem. For every e > 0, the unit sphere of the Holmes space is e -indivisible. 

We then close chapter 3 and this work with questions about big Ramsey degrees 
in the classes Ms, indivisibility of the spaces U5 and the relationship between the 
oscillation stability problems for the spheres §°° and S. 

Throughout all the present work, we refer as accurately as possible to the 
original authors and publications for all the results which are not ours. The new 
results related to finite Ramsey calculus of finite ultrametric spaces and topological 
dynamics of their Urysohn spaces (Chapter 2) are taken from [68 . Those related 
to big Ramsey degrees and indivisibility of ultrametric spaces (Chapter 3) are taken 
from [69] . Finally, those related to the oscillation stability problem for the Urysohn 
sphere (Chapter 3) were obtained in collaboration with Jordi Lopez-Abad on the 
one hand and Norbert Sauer on the other hand. They respectively correspond 
to the papers [52] (volume 80_ of Topology and its Applications devoted to the 
universal Urysohn space) and |70) . 



CHAPTER 1 



Fraisse classes of finite metric spaces and Urysohn 

spaces. 

1. Fundamentals of Fraisse theory. 

In this section, we introduce the basic concepts related to model theory and 
Fraisse theory. We follow |46[ but a more detailed approach can be found in [ 22] 
or [40] . Let L = {Ri : i e /} be a fixed relational signature (ie a list of symbols 
to be interpreted later as relations). Let X and Y be two L-structures (that is, 
non empty sets X, Y equipped with relations Rf- and for each i G I). An 
embedding from X to Y is an injective map tt : X — > Y such that for every i E I 
and xi, . . . , e A": 

{xi, ...,Xn)eRfiS {tt{xi), . . .,Tr{xn)) e Rj. 
An isomorphism from X to Y is a surjective embedding while an automorphism 
of X is an isomorphism from X onto itself. Of course, X and Y are isomorphic 
when there is an isomorphism from X to Y. This is written X = Y. Finally, 
is defined as: 

={XCY:X^ X}. 

When there is an embedding from an L-structure X into another L-structure Y, 
we write X ^ Y. A class /C of L-structures is hereditary when for every i-structure 
X and every Y g /C: 

Xs; Y^Xe/C. 

It satisfies the joint embedding property when for every X, Y G /C, there is 
Z G /C such that X,Y ^ Z. It satisfies the amalgamation property (or is an 
amalgamation class) when for every X, Yq, Yi g /C and embeddings /o : X — > Yo 
and /i : X — > Y, there is Z G /C and embeddings go ■ Yq — > Z, : Yi — > Z 
such that go ° fo — gi o A • Finally, K. has the strong amalgamation property (or is 
a strong amalgamation class) when one can also fulfill the requirement: 

g'^fi;X=g-Yong'lY,{=g'^fi;X). 

A structure F is ultrahomogeneous when every isomorphism between finite sub- 
structures of F can be extended to an automorphism of F. Fraisse theory provides 
a general analysis of countable ultrahomogeneous structures. 

Let F be an i-structure. The age of F, denoted Age(F), is the collection 
of all finite L-structures that can be embedded into F. Observe also that if F is 
countable, then Age(F) contains only countably many isomorphism types. Abusing 
language, we will say that Age(F) is countable. Similarly, a class /C of L-structures 
will be said to be countable if it contains only countably many isomorphism types. 

A class K, of finite L-structures is a Fraisse class when K, is countable, hered- 
itary, contains structures of arbitrarily high finite size, has the joint embedding 
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property and the has the amalgamation property (Note that the joint embedding 
property is not a trivial subcase of the amalgamation property with X = as 
technically, an L-structure is not allowed to be empty). 

It should be clear that if F is a countable ultrahomogeneous L-structure, then 
Age(F) is a Frai'sse class. The following theorem, due to Frai'sse, establishes a kind 
of converse: 

Theorem 1 (Frai'sse |21p . Let L be a relational signature and IC a Frai'sse 
class of L-structures. Then there is, up to isomorphism, a unique countable ultra- 
homogeneous L-structure F such that Age{F) = /C. F is called the Frai'sse limit of 
K. and denoted Flmi{JC) . 

We do not enter the details of the proof here but let us simply mention that 
uniqueness of the Frai'sse limit is due to the following fact: 

Proposition 1. Let F be a countable L-structure. Then F is ultrahomogeneous 
iff for every finite substructures X,Y of F with \ Y\ = |X| + 1, every embedding 
X — > F can be extended to an embedding Y — > F. 

Let us now illustrate how these concepts translate in the context of the central 
objects of this paper: Metric spaces. There are several ways to see a metric space 
X = {X,d^) as a relational structure. For example, one may consider a binary 
relation symbol Rs for every 5 in Qn]0, +oo[ and set 

(a;,y) e Rf ^ d^{x,y) < S. 

One may also allow S to range over ]0, +00 [, and define: 

{x,y)GRf^d'^{x,y)^S. 

This latter approach has the disadvantage of requiring the signature to be un- 
countable if uncountably many distances appear in the metric space we are working 
with. This is a real issue as Frai'sse theory really deals with countable signatures, 
but in the present case, the instances where Frai'sse theory will be needed will in- 
volve only countably many distances so the second way of encoding the distance 
map by relations will not cause any problem. 

With these facts in mind, substructures in the context of metric spaces really 
correspond to metric subspaces and embeddings are really isometric embeddings. It 
follows that if X, Y are metric spaces, then (^) is the set of all isometric copies of 
X inside Y. 

Other kinds of relational structures will come into play, namely, ordered metric 
spaces (structures of the form (X, <-^) = (X, d^, where X is a metric space 
and is a linear ordering on X), graphs (structures G in the language {i?i} where 
i?p is binary, symmetric and irreflexive) , edge-labelled graphs (structures G in the 
language {R^ : 5 s]0, -|-oo[} where each i?p is binary symmetric and irreflexive), 
ordered edge-labelled graphs. . . However, the reader should be aware that in many 
cases, we will not be too cautious with the notational aspect. In particular, when 
dealing with a metric space X, we will often use the same notation to denote 
both the metric space and its underlying set, and we will almost never use the 
relational notation to refer to the distance. Similarly, when dealing with an edge- 
labelled graph G, we will always work with the labelling map A*^ defined on the set 
U5e]o,+oo[^f by 

A°(x,?/) = <5^(x,?/)ei?F. 
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A class /C of metric spaces is hereditary when it is closed under isometrics and 
metric subspaces. Next, suppose we want to show that a class JC of finite metric 
spaces has the strong amalgamation property. We take X, Yq, Yi g /C, isometric 
embeddings /o : X — > Yq and /i : X — > Y and we wish to find Z G /C and 
embeddings go : Yq — > Z, : Yi — > Z such that go ° fo = 9i ° fi- Thanks to 
the previous comments, we may assume without loss of generality that X is really 
a metric subspace both of Yq and Yi, and that Yq n Yi = X. Hence, the metrics 

and cP^^ agree on X and are equal to d?^ on X. So we will be done if we can 
prove that U can be extended to a metric on YqUYi. As we will see later, 
the most convenient way to proceed will strongly depend on how /C is defined. 

Let us now examine the meaning of ultrahomogeneity. A metric; space X is 
ultrahomogeneous when any isometry between two finite subspaces can be extended 
to an isometry of X onto itself. Throughout this paper, the set of all isometrics of 
a metric space X onto itself is denoted iso(X). 

In the metric setting, Frai'sse theorem consequently states: 

Theorem 2 (Frai'sse theorem for metric spaces.). Let K he a Fraisse class of 
metric spaces. Then there is, up to isometry, a unique countable ultrahomogeneous 
metric space X whose class of finite metric subspaces is exactly K,. This space will 
be called the Urysohn space associated to JC. 

As we mentioned when stating the general form of Fraisse theorem, uniqueness 
of the Urysohn space can be shown via a back-and-forth argument after having 
restated ultrahomogeneity in terms of a certain extension property. The purpose 
of what follows is to state this extension property, and to show that it is indeed 
equivalent to ultrahomogeneity. We start with the following important concept: 

Definition 1. If X ^ {X,d^) is a metric space, a map f : X — > M is Katetov 
over X when: 

Vx, y G X, \f{x) - fiy)\ < d'^ix, y) < f{x) + f{y). 

If E{X) denotes the set of all Katetov maps over X, Xd Y and f G E{X), a 
point y £ Y realizes / over X when: 

MxeX, d''{x,y) = f{x). 

Equivalently, if / G E{X.), then / can be thought as a potential new point that 

can be added to the space X. Indeed, if / docs not vanish on X, then one can 
extend the metric on X U {/} by defining, for every x, y in X, d-^{x, f ) — f{x) 

and d^{x,y) — d^{x,y). It is not the case when / vanishes at some point x but 
then, one can check that for every y G X, /(y) = d^{x, y) and so / can be identified 
with X. In any case, the corresponding metric space will be denoted X U {/}. 

Proposition 2. Let Y he a countable metric space. Then Y is ultrahomo- 
geneous iff for every finite subspace X (Z Y and every Katetov map f over X, if 
XU {/} embeds into Y, then there is y G Y realizing f over X. The same result 
holds when Y is complete separable. 

Proof. Assume that Y is countable (resp. complete separable) and ultraho- 
mogeneous. Consider an embedding : X U {/} — > Y. By ultrahomogeneity of 
Y, there is an isometry of Y onto itself such that: 



Va; G X, ■tjj{x) = (p{x). 
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Then, ip^^{(p{f)) £ Y realizes / over X. 

For the converse, suppose first that Y is countable. Assume that {xo, ■ ■ ■ , Xn} 
and {zo, ■ ■ ■ , Zn} are isometric finite subspaces of Y and that (p : Xk Zk is an 
isometry. We wish to extend (p to an isometry of Y onto itself. We do that thanks 
to a back and forth method. First, extend {xq, . . . ,a;„} and {zo, . . . , z„} so that 
{xk : k £ oj} = {zk : k £ u)} = Y. For fc ^ n, let a{k) = T{k) = k. Then, set 
cr(n + 1) = n + 1. Consider the map /„+i defined on {ip{x„(k)) : /c < n + 1} by: 

Vfc < n + 1, /„+i(<y5(a;CT(fe))) = cf^(a;<T(n+i), •^^(fe))- 

Observe that fn+i is Katetov over {ip{x„i^k)) k < n + l} and that the space 
{Lp{x„(k)) ■ k < n+l}U{/„+i} is isometric to {xcr{k) ■ k ^ n+1}. By hypothesis on 
Y, we can consequently find (p{x„^n+i)) realizing /„+i over {^{x„(^k)) ■ k <n + l}. 
Next, let: 

r(n + 1) = min{fc £ u) : Zk ^ {ip{x„(i)) : i < n + 1}} 
Consider the map gn+i defined on {^^.(fe) : fc < n + 1} by: 

Vfc < n + 1, gn+l{Xa(k)) = d^{Zr(n+l),^{Xa(k)))- 

Then ,9,1+1 is Katetov over the space {.Xcr(fe) : fc < n + 1} and the corresponding 
union {x„{^k) ■ k < n+l}U{gn+i} is isometric to : k < n+l}U {z^^n+i)}- 

So again, by hypothesis on Y, we can find ip^^{zr(n+i)) € Y realizing gn+i over 
the space {xo-(fc) : fc < n + 1}. In general, if a and r have been defined up to m and 
if has been defined on := {a:„(o), • ■ • ,a;<^(m)} U W~'^{za(o)), ■ ■ ■ , <p{Za{m))} , set: 

cr(m + 1) = min{fc £ u : Xk ^ Tm}- 

Consider the map fm+i defined on <f"Tm by: 



Vfc < m + 1, 



frn+lifiXaik))) = (a^crCm+l) > ^^^(fc) ) 
.f,n+l{Zr{k))) = d^{Xcr{rn+l),f~^{zT{k))) 

Observe that fm+i is Katetov over ip"Tm and that ip"Tm U {/m+i} is isometric 
to Tm U {a;cr(m+i)}- By hypothesis on Y, we can consequently find <>?(a,o-(m+i)) 
realizing fm+i over ip"Tm- Next, let: 

T(m + 1) = min{fc £ lj : Zk ^ {(p{x^(^i')) : i <n + 1}} 

Consider the map gm+i defined on Tm by: 

Vfc<m+1, I 9m+l{x^_ik)) = d^iz^(^m+l),^iXa{k))) 

Then gn+i is Katetov over T„i and the union Tm U {gm+i} is isometric to 
ip"Tm U {Xr(m+i)}- So again, by hypothesis on Y, we can find 'P~^{zT(m+i) 

)£Y 

realizing gm+i over Tm- After lj steps, we are left with an isometry ip with domain 
Y = {xk : k £ u}} and range Y = {zk : k £ u)}. This finishes the proof when Y is 
countable. 

If Y is complete separable, then the same proof works except that at the very 

beginning, instead of extending {xq, . . . ,Xn} and {zq, . . . , z„} so that {xk : k £ uj} = 
{zk : fc G w} = Y, we simply require that {xk : k £ oj} and {zk : k £ tu} should 
be dense in Y. At the end of the construction, tp is such that {xk ■ k £ a;}dom<^ 
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and {zk : fc e w} C Tamp. We can consequently extend it to an isometry of Y onto 
itself. □ 

This chapter is organized as follows: In section 2, we present several amalga- 
mation classes of finite metric spaces. In section 3, we present the Urysohn spaces 
associated to those classes. We finish in section 4, with a section on complete 
separable ultrahomogeneous metric spaces. 

2. Amalgamation and FraTsse classes of finite metric spaces. 

2.1. First examples and path distances. The very first natural example 

of amalgamation class of finite metric spaces is the class A4 of all finite metric 
spaces. Showing that M. satisfies the amalgamation property (and in fact the strong 
amalgamation property) is not difficult but the underlying idea will be useful later 
so we provide a complete proof. 

Proposition 3. The class A4 of all finite metric spaces has the strong amal- 
gamation property. 

Proof. Let X, Yq, Yi G and isometrics fo : X — > Yq and /i : X — > Y. 
We wish to find Z G M. and isometries go ■ Yq — > Z, 51 : Yi — > Z such that 
.9o°/o = .9i°/i- Equivalently, as mentioned in the previous section, we may assume 
that X is a metric subspace both of Yq and Yi, that Yq fl Yi = X, and that we 
have to extend d^" U rf^^ to a metric ouYqUYi. To achieve that, see Z := Yq U Yi 
as an edge-labelled graph. For x, y G Z , and n ^ uj strictly positive, a define pa,th 
from X to y of size n as is a finite sequence 7 = {zi)i^n such that zq = x, Zn-i = y 
and for every i < n — 1, 

{zi,Zi+i) e dom(A^). 
The length of 7 is then defined by: 

n-l 

||7|| = ^A^(^,,^,+i). 

i=0 

Observe that here, the edge-labelled graph Z is metric. This means that for 
every {x,y) G dom(A^) and every path 7 from x to y: 

X^{x,y)^h\\. 

This fact allows to define the a metric as follows: For x, y in Z, let P{x, y) 
be the set of all paths from x to y. Now, set: 

d^{x,y)=mi{\\j\\:jGP{x,y)}. 

Then is as required. □ 

M is consequently a strong amalgamation class. Not beeing countable, it is 
not a Frai'sse class but this can be fixed by restricting the distances to a fixed 
subset of ]0, +oo[ (0 is always a distance, so we never mention it as such). The 
simplest such examples are the classes Mq and M^,, corresponding to the distance 
sets Qn]0, -|-oo[ and wn]0, -|-oo[ respectively. These classes are indeed obviously 
countable and hereditary. As for the amalgamation property, one can proceed 
exactly as for M: The fact that the path distance takes its values in Qn]0, -|-oo[ or 
a;n]0, -|-oo[ is guaranteed by the fact that these sets are closed under finite sums. 
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Notice also that one may even take bounded subsets of ]0, +oo[, say Qn]0,r] or 
Li;n]0,r] for some strictly positive r e Q or lo. In these cases, the previous proof 
still works provided ||7|| is replaced by ||7||^r: 

hW^r = min(||7||,r). 

2.2. Ultrametric spaces. Recall that a metric space X = (X, d^) is ultra- 
metric when given any x, y, z in X, 

d?^{x,z) ^ max{(P^ {x , y) , dP^ {y , z)) . 

Using the idea of the previous section, one can prove: 

Proposition 4. Let S C]0, +oo[. Then the class Us of all finite ultrametric 
spaces with distances in S has the strong amalgamation property. 

Proof. Reproduce the proof for M except that instead of ||7||, use ||7||max 
defined by: 

||7l|max = max A^(zj,Zi+i). □ 

It follows that when S is countable, Z^s is a Frai'sse class with strong amalga- 
mation property. In fact, we will see in section [3.21 that: 

Proposition 5. Let K. be a Frai'sse class of finite ultrametric spaces. Assume 
that IC has the strong amalgamation property. Then there is a countable S c]0, +oo[ 
such that K. = Us- 

An explicit and detailed study of the classes Us is carried out by Bogatyi in 
[3] . Ultrametric spaces are closely related to trees . A partially ordered set is a tree 
T = (T, <'^) when the set {s G T : s t} is <'^-well-ordered for every element 
t £ T. When every element of T has finitely many < "^-predecessors, the height of 
t G T is ht(t) = \{s G T : s t}\. When n < ht{t), t{n) denotes the unique 
predecessor of t with height n. The m-th level of T is T(m) = {t £ T : \it{t) = m}. 
The height of T, ht(T), is the least m such that T(m) = 0. When s,teT, A{s,t) 
is defined by A{s,t) = min{n < ht(T) : s(n) ^ t{n)}. 

The link between ultrametric spaces and trees is the following: Consider a 
tree T of finite height, and where the set T"*"^ of all <'^-maximal elements of T 
coincides with the top level set of T (in other words, all maximal elements have same 
height). Given such a tree of height n and a finite sequence oq > ai > . . . > a„_i 
of strictly positive real numbers, there is a natural ultrametric space structure on 
rpmax ^j^g distance d is defined by: 

d{s,t) = aA(s,t)- 

Conversely, given any ultrametric space X with finitely many distances given 
by ao > fli > . . . > a„_i, there is a tree T of height n such that X is the natural 
ultrametric space associated to T and (ai)i<„. The elements of T are the ordered 
pairs of the form (m, 5) where < m < n and 6 = {j/ G X : d'^{y,x) ^ Om} for 
some 2: G X. The structural ordering is given by: 

b) (to, c) iff < to and b C c). 
This connection with trees induces very particular structural properties. For 
example: 
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Theorem 3 (Shkarin |86j ). Let X be a finite ultrametric space. Then there is 
n € uj such that X embeds into any Banach space Y with dim Y'^ n. 

This theorem is the last member of a long chain of results concerning isometric 
embeddings of ultrametric spaces. For example, Vestfrid and Timan proved in |97j 
(see also |98j ) that any separable ultrametric space is isometric to a subspace of £2 
(a result also obtained independently by Lemin in .51j. Vestfrid showed later that 
the result is also true if one replaces £2 by ti or co (Recall that tp denotes the Banach 
space of all real sequences (a;„)„gaj such that Yl^=o \xn\^ is finite and that cq is the 
Banach space of all real sequences converging to equipped with the supremum 
norm). Fichet proved that any finite ultrametric space embeds isometrically into 
£p for every p S [1, cxd] (Recall also that l^o is the Banach space of all bounded real 
sequences equipped with the supremum norm), and Vestfrid generalized this fact 
for a wider class of spaces. For more references, see j86j . Note that it is unknown 
whether the integer n in Theorem [3] depends only on the size of X. In other words, 
is there n = n{k) such that any ultrametric space with size ^ k admits an isometric 
embedding in any n-dimensional Banach space? We do not present the proof of 
Shkarin's theorem here but Fichet's result, which we proved before being aware of 
the reference, can be obtained easily by combinatorial means: 

Theorem 4 (Fichet [17j ). Let X be a finite ultrametric space. Then there is 
n Lo such that X embeds into any Banach space £p with p S [1, 00]. 

Proof. Let X be a finite ultrametric space with distances given by oo > ai > 
. . . > a„_i and let T be the finite tree of height n such that X is the natural 

ultrametric space on T™"^ associated to (ai)i<„. We show that n = |T| works. For 

Ixi 

p — 00, this is a simple consequence of the fact that toe embeds any metric space 
of size |X| so we concentrate on the case p G [l,oo[. Let {et)teT be a subfamily of 
the canonical basis of £p of size |T|. For f G T, let 




(%i)^ ifht(i) = n-l 

(4-%-)p if ht(i) = z < n- 1 



Observe then that for every x, y S X: 



V 



E 



E 



y 



Now, let iy9 : X — > £p be defined by: 



"P^x) ^ ti{t)et. 
We claim that ip is an isometry. Indeed, let x, ?/ G X. Then: 
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\Lp{y) - Lp{x)\\P = 



et 



t^'-x 



tf^^x 



Y " Y ^w^* 

Y Ktr+ Y 

t^'^x ti 



y 



With respect to the comment on Shkarin's theorem mentioned above, note that 
the previous proof shows that n depends on the size |X| only. Indeed, notice that if 
X is a finite ultrametric space, then the corresponding tree T associated to X has 
the property that each level has strictly less elements than the next level. Therefore, 
if X has size k, then T has k maximal elements and at most k{k + l)/2 elements. It 
follows that any ultrametric space X with size ^ k can be embedded into £p where 
n = fc(fc + l)/2. 



2.3. Amalgamation classes associated to a distance set. The previous 
examples are in fact particular instances of a more general case. Indeed, for 5* C 
]0, +oo[, let Ais denote the class of finite metric spaces with distances in S. We 
saw that when S is an initial segment of a set which is closed under finite sums, 
the path distance allows to prove that J\4s is an amalgamation class. But are there 
some other cases? For example, can one characterize those subsets S c]0, +oo[ for 
which A^s is an amalgamation class? The answer is yes, thanks to a result due to 
Delhomme, Laflamme, Pouzet and Sauer in [9]. 

Definition 2. Let S c]0, +oo[. 5 satisfies the 4-values condition when for 
every sq, Si, Sg, s'l £ 5, if there is t ^ S such that: 

|so - si| < t ^ So + si, |so ~ ■s'll =^ * =^ So + s'l' 
then there is u € S such that: 

\sq " s'q\ ^ U So + Sq, \si - s[\ < U ^ Si + Sj. 

In pictures: Assume that the edge-labelled graph {{xq, xi, y, y'}, 5) described in 
figure[TJ where 5 takes values in 5*, is metric. Then S satisfies the 4-values condition 
when 5 can be extended to a metric d by setting d{y, y') = u where u is an element 
of 5. 
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Figure 1. The edge-labelled graph {{xo,xi, y,y'},S) 



Theorem 5 (Delhomme-Laflamnie-Pouzct-Sauer [9j). Let S c]0,+oo[. Then 
the following are equivalent: 

i) Ms has the strong amalgamation property. 

a) Ms has the amalgamation property. 

Hi) S satisfies the A-values condition. 



Proof, i) 
is t £ S with: 



ii) is obvious. For ii)— s- iii), fix sq, si, Sq, s'l G S such that there 



|so - si| ^ t ^ So + Sl, 



Now, consider Y := {xq, xi, y} and Y' {xq, xi, y'} and observe that one can 
define metrics d^ and d^ on Y and Y' by setting: 

d^{xo,y)^so, d^{xi,y)^si, d^{xo,xi)^t 
d^' {xo,y') ^ s'q, d^' {xi,y') ^ s[, d^'{xQ,x[) = t 
Therefore, one can obtain a metric space Z be obtained by amalgamation of Y 
and Y' along {xo,xi}. Then u — d'^{y,y') is as required. 

For iii) i), consider Yq and Yi in A^5 such that d^° and d^^ agree on 
YqCiYi. We wish to show that d^° U d^^ can be extended to a metric d on U Yi . 
We start with the case where \Yo \ Yi| = |li \ Fo| = 1- Set: 

>o \ Yi - {yo}, Yi^Yo = {yi}. 

The only thing we have to do is to define d on (yo, J/i)- Equivalently, we need 
to find u £ S such that for every y G Yq O Yi: 

\d^° (2/0,2;) - {y,yi)\^u^ d^o (^^^ y) + d^i (y^ y^y 
To achieve that, observe that m ^ m' , where m and m' are defined by: 
m = max{|dYo(yo,y) - d^^{y,yi)\ : y G Yq H Yi} 



m' = min{dYo (y^, y) + d^i (y, yi) : y e Yo H Yi} 
Pick witnesses y and y' for m and m! respectively. Then, set: 
So ^ d^°{yo,y), si=d^^{yi,y) 



Set also: 



s(, = dYo(yo,y'), s[ = d^' {yi, y') 
t = d^°{y,y')^d^^{y,y'). 



Then observe that: 
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|so - si| ^ i < So + si, |so - s'll < t ^ Sg + s[. 

So by the 4-values condition, we obtain the required u G S. We now proceed 
by induction on the size of the symmetric difference IqAYi. The previous proof 
covers the case |loAYi| < 2. For the induction step, let F = lo U Yi. The cases 
where Yq and Yi are C-comparable are obvious, so we may assume that Yq and 
Yi are C-incomparable. For i < 2, pick yi & Yi \ Fi-i. By induction assumption, 
obtain a common extension Zq of Yq and Yi \ {t/i} on F \ {j/i}. By induction 
assumption again, obtain another common extension Zi of Zq \ {yo} and Yi on 
Y \ {yo}- Now, observe that Y = ZqU Zi and that \ZoAZi \ = 2, so we can apply 
the previous case to Zq and Zi to obtain the required extension. □ 

There are some cases where the 4-values condition is easily seen to hold. For 
example, if S C [a, 2a] for some strictly positive a, then S satisfies the 4-valucs 
condition. It is also the case when S is closed under sums or absolute value of 
the difference, which explains why it is possible to restrict distances to Q or w. 
On the other hand, 4-valucs condition is also preserved when passing to an initial 
segment. This allows distance sets of the form Qn]0,r] or wfljO, r]. Finally, when 
S C {sn '■ n G Z} with s„ < ^ Sn+i, S also satisfes the 4-values condition as all 
the elements in Ais are actually ultrametric. The 4-values condition consequently 
covers a wide variety of examples. 

For our purposes, the 4-values condition is relevant because it allows to produce 
numerous examples of Frai'ssc classes whose elements can be relatively well handled 
from a combinatorial point of view. To illustrate that fact, the rest of this section 
will be devoted to a full classification of the classes Ms when |5| ^3. This means 
that we arc going to establish a list of classes such that any class A4s with jS*] ^ 3 
will be in some sense isomorphic to some class in the list. More precisely, for finite 
subsets S = {sq, . . . , Sm}<, T = {to, . . . , f„}< of ]0, +oo[, define 5 T when m = n 
and: 

\fi, j, k < m, Si ^ Sj + Sk ^ ti ^ tj + tk- 

Observe that when S ^ T, S satisfies the 4-value condition iff T does and in 
this case, S and T essentially provide the same amalgamation class of finite metric 
spaces as any X e Ads is isomorphic to X' = {X, d?^ ) € A4t where: 

yx,y€X, (P^{x,y) = Si^ d^'{x,y) =ti. 

Now, clearly, for a given cardinality m there are only finitely many ^-classes, 
so we can find a finite collection Sm of finite subsets of ]0, (X)[ of size m such that 
for every T of size m satisfying the 4-value condition, there is 5 € Sm such that 
T ^ S. Here, we provide such examples of Sm for to ^ 3. The reader will find a 
complete list in Appendix A for m = 4. This is the largest value we considered as 
there are already more than 70 ^-equivalence classes on which to test the 4-values 
condition. In the sequel, 5* = {si : i < |S'|}< is a subset of ]0, -|-oo[. 

The case |5| = 1 is trivial so we start with \S\ = 2. There are then only 2 
-^-classes corresponding to the following chains of inequalities: 

(1) So < si < 2so. 

(2) So < 2so < si. 

(1) is satisfied by the set {1,2}. The 4-values condition is satisfied because 
{1, 2} is an initial segment of ui which is closed under sums. A^{i,2} is consequently 
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a Frai'sse class. Observe that elements of Al{i,2} can be seen as graphs where an 
edge corresponds to a distance 1 and a non-edge to a distance 2. 

(2) is satisfied by the set {1,3}, which is also a particular case since 1 < ^ • 3. 
Thus, elements of A^{i,3} are ultrametric and A^{i,3} is a Frai'sse class. 

For 15*1 = 3, there are more cases to consider. To list all the relevant chains 
of inequalities involving elements of 5, we first write all the relevant inequalities 
involving so,si and their sums. We obtain: 

(1) So < si < 2so < So + si < si. 

(2) So < 2so < si < So + si < 2si. 

We now look at how S2 may be inserted in these chains. For (1), there are 4 
possibilities: 

(la) So < si < S2 ^ 2so < So + si < 2si {2, 3, 4} 
(lb) So < si 2so < S2 < So + si < 2si {1, 2, 3} 
(Ic) So < si < 2so < So + si < S2 < 2si {1, 2, 4} 
(Id) So < si ^ 2so < So + si < 2si < S2 {1, 2, 5} 
We now have to check if the 4-values condition holds for all the corresponding 

sets. 

(la) The set {2, 3, 4} is an initial segment of w n [2, +oo[ which is closed under 
sums. Thus, {2, 3, 4} satisfies the 4-values condition. Since there are no non-metric 
triangles, the elements of {2.3,4} can be seen as the edge-labelled graphs with 
labels in {2,3,4}. 

(lb) The set {1,2,3} is also an initial segment of a set which is closed under 
sums, so it satisfies the 4-values condition. Note that here, there is a non-metric 
triangle (corresponding to the distances 1,1,3). 

(Ic) The set {1,2,4} does not satisfy the 4-values condition because of the 
quadruple (1,1,2,4). A^{i,2,4} is consequently not a Frai'sse class. 

(Id) Finally, the set {1,2,5} satisfies the 4-values condition but this has to 
be done by hand (see Appendix A for the details). Simply observe that for X € 
■^{1,2,5}, the relation « defined by a; « ?/ (P^{x, y) ^ 2 is an equivalence relation. 
The fti-classes can be thought as finite graphs with distance 5 between them. An 
example is given in Figure [21 




Figure 2. An element of A^{i,2.5}- 



For (2), there are only 3 cases: 

(2a) So < 2so < si < S2 ^ so + si < 2si {1, 3, 4} 
(2b) So < 2so < si < So + si < S2 ^ 2si {1, 3, 6} 
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(2c) So < 2so < Si < So + Si < 2si < S2 {1, 3, 7} 

(2a) The 4- values condition holds for {1, 3, 4} but as for {1, 2, 5}, this has to be 
proved by hand. For X e A^{i.3,4}, the relation w defined hy x ^ y ^ (P^{x,y) = 1 
is an equivalence relation. Between the elements of two disjoint balls of radius 1, 
the distance can be arbitrarily 3 or 4. An example is given in Figure O 




Figure 3. An element of A^{i,3.4}. 



(2b) The set {1,3,6} also satisfies the 4-values condition (to be checked by 
hand). For X e A^{i,3,6}j the relation « defined hy x ^ y <-> cP^{x,y) = 1 is an 
equivalence relation. Between the elements of two disjoint balls of radius 1, the 
distance is either always 3 or always 6. An example is provided in figure |4l 




Figure 4. An element of A1{i,3,6}- 



(2c) Elements of A^{i,3j} are ultrametric. It follows that this class is a Frai'sse 
class. 
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2.4. Euclidean spaces. Another way to generate amalgamation classes of 
finite metric spaces is to fix an ultrahomogeneous metric space and to consider the 
class of its finite subspaces. For example, if n € a; is fixed, the Euclidean space -E„ of 
dimension n is ultrahomogeneous (in fact it is even more than ultrahomogeneous as 
every isometry between any two metric subspaces can be extended to an isometry of 
En onto itself). Thus, the class of finite metric subspaces of i?„ is an amalgamation 
class. However, because the dimension is finite, such a class will never have the 
strong amalgamation property. This requirement being unavoidable when dealing 
with Ramsey calculus, it will be preferable for us to work with a subclass of the class 
H consisting of all the finite affinely independent metric subspaces of the Hilbert 
space £2- It is easy to sec that H does have the strong amalgamation property. As 
it is the case for A^, H is not a Frai'sse class because it is not countable but this can 
be fixed by restricting the set of distances. For S subset of ]0, +00 [, let lis denote 
the class of all elements of H with distances in S. 

Proposition 6. Let S be dense subset o/]0,+oo[. Then Hs has the strong 
amalgamation property. 

Proof. Following the strategy applied in the previous section, it is enough to 
show that strong amalgamation holds for Yq and Yi along X where 

|Yo \ Yil = |Yi \ Yol = 1 and Y, = X U {yi} for each i < 2. 

Set n = |X|. See M"~-^ as a hyperplane in M" and X as a metric subspace of 
M"-^ Fix yo e K" such that for every a; e X, 

||yo - = d^°(yo,a;). 

Now, it should be clear that in M" there are exactly two points y such that 

VxeX, ||y-a:|| =d^^{yi,x). 

Can them y^"" and yf"^^, with - yo|| ^ WyT""" - Vol Observe that y^" 

and y^"^ are distinct and symmetric with respect to M""^. Thus, 

||y™"-yo|| < ||yr"-yo||. 

Indeed, if the distances were the same, yo would be in M""^, which is not 
the case. Now, notice that if we work in M""'"-'^, we can use rotations to obtain a 
continuous curve ip : [0, 1] — > M"+^ such that (p{0) ~ y™*", = yj""^ and 

VtG[0,l] VxGX y{t)-x\\=d^^{yi,x). 

Define 6: [0,1] — >R by: 

S{t) = Mt)-yo\\ 

By the intermediate value theorem, 5 takes a value in S for some to €]0, 1[. 
Then X U {yo} U {(^(to)} is the required amalgam. □ 

Observe that a slight modification of the argument allows to show that another 
class is Frai'sse and has strong amalgamation: For X e W, let X* be the edge 
labelled graph obtained from X by adjoining an extra point * to X such that 
A-^ {x, *) = 1 for every x G X. The class Ss is then defined by the class of all 
elements X. in Hs such that X* is also in Hs- Equivalently, Ss is the class of all 
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elements of Tis which embed isometricaUy into the unit sphere of ^2 with the 
property that {O^^} U X is afhnely independent. 

Proposition 7. Let S be dense subset o/]0, +oo[. Then Ss has the strong 
amalgamation property. 

Proof. In the previous proof, simply replace X, Yq and Yi by X*, Yq and 
YJ respectively. □ 

Remark. It is known that £2 is the only separable infinite dimensional ul- 
trahomogeneous Banach space. In fact, much more is known. For example, any 
separable infinite dimensional Banach space X where every isometry between finite 
subsets of size at most 3 can be extended to an isometry of X onto itself has to be 
an inner product space. The problem of whether 3 can be replaced by 2 is the con- 
tent of the famous Banach-Mazur rotation problem. Mazur first proved in [54j that 
the answer is positive in the finite dimensional case. Pelczynski and Rolewicz later 
showed in j77j that the answer is no if one allows X to be non-separable. . . But in 
the infinite dimensional separable case, the problem remains open, though several 
partial results seem to suggest that the answer should be positive (see for example 
[6], [82], or [5] for a survey). 

We finish this section on Euclidean metric spaces with a further remark about 
amalgamation property. We saw in section 12.11 that when working with metric 
spaces, an easy way to produce a class of metric spaces with the strong amalga- 
mation property was to start from the class M of all finite metric spaces and to 
require that all the distances should be in some 5 C M that is closed under sums. 
In particular, we saw that the class Aiuj of all finite metric spaces with distances 
in u) has the strong amalgamation property. It turns out that when working with 
finite Euclidean metric spaces, this is not true anymore: 

Proposition 8. The class Tioj does not have the strong amalgamation property. 

Proof. Let X„ denote the finite metric space on n elements where all the 
distances are equal to 1. Then X„ is in Ti.^^ so one can define r„ the radius of the 
sphere circumscribed around X„ in M"^^. It is easy to show that (r„)„£t^ converges 
to I = I/V2 and since that number is irrational, it follows that for every e > 0, 
there is d G lv such that 

\\dl'] -dl\ < e. 

Therefore, for every e > 0, there are d and 71 G a; such that 

|[dr„] - dr„| < £. 

Now, fix e < 1/2 and consider d and n in w as just stated. Let Y„ denote the 
finite metric space on n elements where all the distances are equal to d. Seeing Y„ 
as a subset of M.'^~^ with isobarycentre O^j, let x G M" be orthogonal to and 
such that: 

Vy e Y„ ||a; - y\\ = \drn] ■ 
Then Y„ U {x} e Hc^. Note also that 



\ \drn^~drn\ < e < 1/2. 
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As a consequence, one cannot strongly amalgamate two copies of Y„ U {x} 
by gluing the two copies of Y„ together while working with distances in uj only. 
Indeed, assume that Y„ U {x, x'} is such an amalgam. Then 

The same argument also exhibits a negative amalgamation property for most 
of the classes Ss when S = {k/m : k G {!,... ,2m}}. Namely, it shows that that 
there is M e w such that for every integer m ^ M, the class Ss does not have the 
strong amalgamation property. This fact will be discussed in further detail when 
we deal with approximations of the spaces £2 and S°°. 

2.5. Other examples. There are certainly many more examples of amalga- 
mation classes of finite metric spaces than the ones we mentioned already but as the 
classification of Frai'sse classes of finite metric spaces is not known, we will stop our 
inventory here and refer the interested reader to [5 by Bogatyi or j99| by Watson. 
Let us simply mention a very last example, dealing with the class Q of finite metric 
spaces satisfying the ultrametric quadrangle inequality. Those are the spaces X for 
which given any xq,xi,X2,x^ £ X, 

d^{xa,xi) + d^{x2,x^) < max{d^(xo, 2:2) + d'^{xi,xz),d-^{xa,x^) + d'^{xi,X2)}. 

It turns out that Q is in fact exactly the class of all finite metric spaces which 
can be embedded into R-irees. R-trees are defined as follows. For a metric space Y 
and 2/0: 2/1 G Y, a geodesic segment in Y joining yo to yi is an isometric embedding 
g : [0,d^{yo,yi)] — > Y with 5(0) = yo and 5(d^(yo, yi)) = Vi- Now, a metric space 
T is an R-tree if i) For any two distinct points of T, there is a geodesic segment 
joining them, and ii) If two geodesic segments have exactly one common boundary 
point, then their union is also a geodesic segment. Using this characterization of Q, 
one can show that Q (resp. Qq, the class obtained by restricting the distances to 
Q) is an amalgamation class. R-trees play an important role in so-called asymptotic 
geometry, but the purpose for which we introduce them here is that they will provide 
an easy counterexample in section |4] of the present chapter. 

3. Urysohn spaces. 

Recall that according to Fraisse theorem, there is a particular countable ul- 
trahomogeneous metric space X attached to any Fraisse class /C of metric spaces: 
The Urysohn space associated to /C. The purpose of this section is to provide some 
information about the Urysohn spaces associated to the classes we introduced pre- 
viously. However, before we start, we should mention that in most of the cases, we 
will not be able to provide a concrete description of the space. This phenomenon is 
explained by a general result due to Pouzet and Roux [79] concerning Fraisse limits 
and implying that in some sense, given a countable language L and a Frai'sse class 
K. of L-structures, the Fraisse limit is generic among all the countable L-structures 
whose age is included in /C. More precisely, when the set of all the countable L- 
structures whose age is included in /C is equipped with the relevant topology, the 
set of all countable L-structures isomorphic to Flim(/C) is a dense Gs (countable 
intersection of open sets). This fact is to be compared with the well-known result of 
Erdos and Renyi |16j according to which a random countable graph (obtained by 
choosing edges independently with probability 1/2 from a given countable vertex 
set) is isomorphic to the Rado graph with probability 1. 



28 1. FRAISSE CLASSES OF FINITE METRIC SPACES AND URYSOHN SPACES. 



3.1. The spaces Uq and Sq. The first Urysohn space we present is the space 
Uq associated to the class Mq. This space is called the rational Urysohn space 
and deserves a particular treatment. It can indeed be seen as the initial step in 
the construction of Urysohn to provide the very first example of universal separable 
metric space. The original construction is quite technical but in essence contains the 
same ideas as the ones that were used some thirty years later in the work of Fraisse. 
The first observation is that to build Uq, it is enough to construct a countable 
metric space Y with rational distances such that given any finite subspace X of Y 
and every Katetov map / over X with rational values, there is ?/ S Y realizing / 
over X. Indeed, for such a Y, ultrahomogeneity is guaranteed by the equivalence 
provided in proposition [2l On the other hand, the set of all finite subspaces is 
clearly included in A4q. Consequently, to prove that the finite subspaces of Y 
is exactly Mq, it suffices to show that every element of Mq appears as a finite 
subspace of Y. This is done via the following induction argument: For X e A^q, 
fix an enumeration {a;„ : n < |X|}. Then construct an isometric copy X of X inside 
Y by starting with an arbitrary xq in Y and by choosing Xn+i in the induction 
step realizing the Katetov map fn+i defined over {xq, . . . Xn} by: 

The construction of Y can be achieved via some kind of exhaustion argument: 
Start with a singleton Xq. Then, if X„ is constructed for some n G w, X„_|_i is 
build so as to be countable with rational distances, including X„, and such that 
given every finite subspace X C X„ and every Katetov map / over X with rational 
values, there is y S X„+i realizing / over X. Then Y = UnGi^ required. An 

elegant way to perform the induction step is to follow the method due to Katetov 
in [45j . It is based on the observation that if X is a finite subspace of X„ and / is 
Katetov over X, then there is a natural way to extend / to a map fcx„ (/) defined 
on the whole space X„: Consider the strong amalgam Z of XU{/} and X„ along X 
obtained using the path metric presented in Proposition [3l Then fcx (/) is defined 
by: 

V2/eX„, fcx„(/)(y) = dZ(/,y) mm{d^-{y,x) + f{x) : x X}). 
Then, let: 

Xn+i - [j{k^Af) ■■ f e S(X),X C Y,X finite}. 

Equipped with the sup norm, X^+i becomes a metric space X„_|_i. The map 
X 1-^ cP^"+^{x, •) then defines an isometric embedding of X„ into X„_|_i. The space 
X„ can consequently be thought as a subspace of X„+i and one can check that 
X„+i has the required property with respect to X„. 

A bounded variation of Uq is obtained by considering the class A^Qnjo.i]- K 
can be shown that the corresponding Urysohn space, Sq, is isometric to any sphere 
of radius 1/2 in the space Uq. For that reason, it is called the rational Urysohn 
sphere. It will receive a particular interest when we deal with indivisibility. 

3.2. Ultrametric Urysohn spaces. We saw that when S" c]0, +oo[, the class 
Us of finite ultrametric spaces with distances in 5* is an amalgamation class. So 
when S is at most countable, the class Us is a Fraisse class whose corresponding 
Urysohn space is denoted Bs. A particular feature of this space is that unlike most 
of the other Urysohn spaces, it admits a very explicit description. Namely, 
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can be seen as the set of all finitely supported elements of equipped with the 
distance d^^ defined by: 

dP'^{x,y) = max{s € S : x{s) ^ 2/(s)}. 

The spaces Bg are well-known. They appear together with a study of the classes 
Us in the article [3| by Bogatyi but were already studied from a model-theoretic 
point of view by Delon in [8] and mentioned by Poizat in [78j . More recently, 
they appeared in [25] by Gao and Kechris for the study of the isometry relation 
between ultrahomogeneous discrete Polish ultrametric spaces from a descriptive 
set-theoretic angle. They are also central in [9] where homogeneity in ultrametric 
spaces is studied in detail. In this paper, these spaces will play a crucial role when 
we come to the study of big Ramsey degrees as they represent the only case where 
a complete analysis can be carried out. 

Using the tree representation, one can show that every countable ultrahomo- 
geneous ultrametric space admits a similar description: 

Proposition 9. Let X be a countable ultrahomogeneous ultrametric space. 
Then there is S c]0, +cxd[ at most countable and a family (As)s£S of elements of 
to U {0} with size at least 2 such that X is the set of all finitely supported elements 
of rises equipped with the distance d defined by: 

d{x, y) ~ max{s g S : x{s) ^ 

Note that it is easy to verify that when one of the elements of (As)sgs is finite, 
the class of its finite subspaces does not have strong amalgamation property. As a 
consequence, we obtain the following fact mentioned in section [2T2l The classes Us 
are the only Fraisse classes of finite ultrametric spaces with strong amalgamation 
property. 

3.3. Urysohn spaces associated to a distance set. Similarly, we saw that 
when S c]0, -|-oo[ satisfies the 4-values condition, the class M.s of finite metric 
spaces with distances in S" is a strong amalgamation class. So when S is at most 
countable, the class A^s is a Fraisse class whose corresponding Urysohn space is the 
Urysohn space with distances in S, denoted Ug. The space Uq is a particular case 
of such space. Similarly, we may simply take S = wfljO, +oo[ to obtain the integral 
Urysohn space XJ^. For S — {1,2,..., m}, one obtains a bounded version of XJoj 
denoted \Jm- Observe that for m = 2, U„j is really the path distance metric space 
associated to the Rado graph. Finally, the 4-values condition allows to consider sets 
S with a more intricate structure than those considered so far. The corresponding 
Urysohn spaces may then be quite involved combinatorial objects, even when S is 
finite. In this subsection, we provide a description of Us when \S\ ^ 3. For \S\ — 4, 
some cases will be described in the Appendix in order to study their indivisibility 
properties, a notion introduced in the third chapter of this paper. In what follows, 
the numbering corresponds to the one introduced in subsection 12.31 

For 1 5*1 = 1, there is essentially only one Urysohn space: Ui, introduced above. 

For 15*1 = 2, there are two distances sets, {1, 2} and {1, 3}. We just mentioned 
the case = {1, 2} where the Urysohn space is the Rado graph. As for S' = {1, 3}, 
it was also already presented: U{i 3} is ultrametric and is in fact one of the spaces 
Bs described in the previous section. 

For \S\ = 3, there are six distances sets. 
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(la) S ~ {2,3,4}. Elements of tW {2,3,4} are essentially edge-labelled graphs 
with labels in {2, 3, 4}. Consequently, U{2,3,4} can be seen as a complete version of 
the Rado graph with three kinds of edges. 

(lb) S = {1,2,3}. This case was mentioned above, U{i_2,3} is the space we 
denoted U3. However, like U2 and unlike the other spaces XJm for m ^ 4, U3 
can be described quite simply. This fact, noticed by Sauer, will be important in 
the third chapter. The main observation is that the only non metric triangle with 
labels in {1, 2, 3} corresponds to the labels 1, 1, 3. It follows that U3 can be encoded 
by the countable ultrahomogeneous edge-labelled graph with edges in {1,3} and 
forbidding the complete triangle with labels 1,1,3. The distance is then defined as 
the standard shortest-path distance. Equivalently, the distance between two points 
connected by an edge is the label of the edge while the distance between two points 
which are not connected is 2. 

(Id) S = {1, 2, 5}. The structure of the elements of A^^i 2.5} allows to see that 
U{i 2,5} is composed of countably many disjoint copies of U2, and that the distance 
between any two points not in the same copy of U2 is always 5. Figure [5] is an 
attempt to represent this space. 




Figure 5. U{i^2,5}- 



(2a) 5* = {1,3,4}. Here, U^i 3 4} can be seen as some kind of random partite 
graph with several kinds of edges. It is composed of countably many disjoint copies 
of Ui and points belonging to different copies of Ui can be randomly at distance 
3 or distance 4 apart. Figure [6] is an attempt to represent this space. 

(2b) S = {1, 3, 6}. U{i 3_g} is also composed of countably many disjoint copies 
of Ui but the distance between points in two fixed disjoint copies of Ui does not 
vary as in the previous case, and is either 3 or 6. A convenient way to construct 
U{i.3.6} is to obtain it from U2 after having multiplied all the distances by 3 and 
blown the points up to copies of Ui. Figure[7]is an attempt to represent this space. 
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Figure 6. U|i g ^j. 




Figure 7. U^i g gj. 



(2c) For S = {1,3, 7}, XJs is again ultrametric, equal to B5. 

3.4. Countable Hilbertian Urysohn spaces. We saw in section that 
when S" is a dense subset of ]0, +00 [, the class Hs of all finite affinely independent 
metric subspaces of £2 with distances in S* is a strong amalgamation class. It follows 
that the Urysohn space H5 associated to Hs is a countable metric subspace of £2 
whose elements are all affinely independent. Similarly, the class Ss is a strong 
amalgamation class (recall that Ss is the class of all finite metric spaces X with 
distances in S and which embed isometrically into the unit sphere S°° of £2 with the 
property that {0^2 }UX is affinely independent). Thus, the associated Urysohn space 
Ss is a countable metric subspace of §°° whose elements are affinely independent. 
Without being able to go any deeper into the description of those objects, we will 
see that these spaces have very familiar completions. 
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Note on the other hand that stiU according to resuhs from section [2T4l the class 
Huj is not a strong amalgamation class. It follows that there is no such a thing as a 
countable ultrahomogeneous metric space whose class of finite metric subspaces is 
the class of all affinely independent Euclidean metric spaces with integer distances. 
Similarly, for S — {k/m : k € {1, . . . ,2m}} with m large enough, the classes Ss 
do not have the strong amalgamation property so there is no countable ultrahomo- 
geneous metric subspace of S°° whose class of finite metric subspaces is ^5. This 
comment will be discussed further at the end of Chapter 3. 

4. Complete separable ultrahomogeneous metric spaces. 

It follows from Fraisse's theorem that the countable ultrahomogeneous metric 
spaces are exactly the Frai'sse limits of the Frai'sse classes of finite metric spaces. 
However, many interesting ultrahomogeneous metric are not countable but only 
separable. We may consequently wonder if there are links between separable ul- 
trahomogeneous metric spaces and countable ones. For example, is the completion 
of an ultrahomogeneous metric space still ultrahomogeneous? And if so, does ev- 
ery complete separable ultrahomogeneous metric space appear as the completion of 
a countable ultrahomogeneous metric space? The following theorem provides the 
answer to the first question. 

Proposition 10 (Folklore). There is an ultrahomogeneous metric space whose 
completion is not ultrahomogeneous. 

Proof. Consider the space Y defined as follows: Elements of Y are maps 
y : [0,Py[ — > uj with py e]0,+oo[ and {t e [0,Py[: y{t) 7^ 0} C Q finite. For 
x, 1/ e Y, set: 

t{x,y) = min{s £ Q : x{s) ^ y(s)}. 

Then, let: 

d^ix, y) = (Px - t(x, y)) + [py - t{x, y)). 

One can check that Y is complete separable but not ultrahomogeneous. In fact, 
it is not even point-homogeneous: For y € Y, if S Q, then Y\{y} has infininitely 
many connected components. On the other hand, if py ^ Q, then Y \ {y} has only 
two connected components. We now prove the theorem by showing that Y admits 
an ultrahomogeneous dense subspace: Consider the subspace X of Y corresponding 
to the elements a; of Y such that px G]0, -|-oo[nQ. One can check that X is countable 
and dense in Y. But one can also check that X is ultrahomogeneous by verifying 
that it is the Frai'sse limit of the class Qq presented in subsection 12.51 □ 

The first question above consequently has a negative answer. The purpose of 
what follows is to show that it is not the case for the second question and that 
essentially, every complete separable ultrahomogeneous metric space is obtained by 
completing a countable one. 

Theorem 6. Every complete separable ultrahomogeneous metric space Y in- 
cludes a countable ultrahomogeneous dense metric subspace. 

Proof. We provide two proofs. The first one is standard: Let Xq C Y be 
countable and dense. We construct X countable and ultrahomogeneous such that 
Xq C X C Y. We proceed by induction. Assuming that X„ C Y countable has 
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been constructed, get X„+i as follows: Consider T the set of all finite subspaces of 
X„. For F S JF, consider the set En{F) of all Katetov maps / over F with values in 
the set {d^{x, y) : x,y G X„} and such that F U {/} embeds into Y. Observe that 
X„ being countable, so are {d^{x, y) : x,y G X„} and £'„(F). Then, for F e / G 
En{F), fix j/p S Y realizing / over F. Finally, let X„+i be the subspace of Y with 
underlying set X„ U {y{, : F e J^,f e En{F)}. After w steps, set X = lJ„g^X„. 
X is clearly a countable dense subspace of Y. It is ultrahomogeneous thanks to 
the equivalent formulation of ultrahomogeneity provided in proposition [S] Indeed, 
according to our construction, for every finite subspace F C X and every Katetov 
map / over F, if F U {/} embeds into X, then there is y S X realizing / over F. 
This finishes the first proof. 

The second proof was pointed out by Stevo Todorcevic and involves methods 
from logic. Fix a countable elementary submodel M -< Hg for some large enough 
9 and such that Y, € M. Let X = M n Y. We claim that X has the required 
property. First, observe that X is dense inside Y since by the elementarity of Af , 
there is a countable D G M (and therefore D C M) which is a dense subset of Y. 
For ultrahomogeneity, let F C X be finite and let / be a Katetov map over F such 
that F U {/} embeds into X. Observe that / € M. Indeed, dom(/) G M. On 
the other hand, let F U {y} C X be isometric to F U {/} via an isometry (p. Then 
for every x € F , {(p{x) , y) G M. But {(p{x),y) = f{x). Thus, the range of /, 
ran(/), is in M. It follows that / is an element of Af . Now, by ultrahomogeneity of 
Y, there is j/ in Y realizing / over F. So by elementarity, there is a; in X realizing 
/ over F. □ 



4.1. The spaces U and S. The metric completion U of Uq, is known as 
the Urysohn space. It was constructed by Urysohn in 1925 and is, up to isometry, 
the unique complete separable ultrahomogeneous metric space which contains all 
finite metric spaces. It follows that U is also universal for the class of all separable 
metric spaces. This property deserves to be mentioned as historically, U is the 
first example of separable metric space with this property. However, after Banach 
and Mazur showed that C([0, 1]) was also an example of such a space, the Urysohn 
space virtually disappeared and it is only after the work of Katetov [45] that U 
became again subject to research, in particular thanks to the work of Uspenskij, 
Vershik, Gromov, Bogatyi and Pestov. Today, a complete presentation of the result 
about the Urysohn space would require much more than what we can provide in the 
present paper but the reader will find an attempt of survey in the appendix. Let us 
simply mention the following result due to Pestov |73| : Whenever iso(U) (equipped 
with the pointwise convergence topology) acts continuously on a compact space, 
the action admits a fixed point. We will have the opportunity to come back to 
this theorem but we would like to mention here once more that its reformulation in 
terms of structural Ramsey theory by Kechris, Pestov and Todorcevic |46j is the 
starting point of the present paper. 

The metric completion of Sq is the Urysohn sphere S. Up to isometry, S is the 
unique complete separable ultrahomogeneous metric space which contains all finite 
metric spaces with diameter less or equal to 1. It is also isometric to any sphere of 
radius 1/2 in the Urysohn space U, hence the name. The space S is pretty much 
as well understood as U is in the sense that most of the proofs working for U can 
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be transposed for S. Later in this paper, we will however study a property called 
oscillation stability and with respect to which U and S behave differently. 

4.2. Complete separable ultrahomogeneous ultrametric spaces. We 

now turn to a description of B5, the completion of B5. Note that if is not an 
accumulation point for S, then B5 is discrete and B5 ~ Bg. Hence, in what 
follows, we will assume that is an accumulation point for S. 

Proposition 11. The completion Bs of the ultrametric space Bs is the ultra- 
metric space with underlying set the set of all elements x S Q'^ for which there is a 
strictly decreasing sequence {si)i^^ of elements of S converging to such that x is 
supported by a subset of {s, : i e w}. The distance is given by 

= min{s e S -.yt e S{s < t ^ x{t) = y{t))}. 

Proof. We first check that B5 is dense in B5. Let x £ B5 be associated 
to the sequence (si)igcj. For n £ lo, let Xn € Bs be defined by x„(s) = x{s) if 
s > Sn+i and by Xn{s) = otherwise. Then d^^{xn,x) ^ s„+i — > 0, and the 
sequence {xn)neuj converges to x. To prove that Bg is complete, let {xn)neui be a 
Cauchy sequence in Bg. Observe first that given any s £ S, the sequence a;„(s) is 
eventually constant. Call x{s) the corresponding constant value. 

Claim, x e Bs- 

The map x is obviously in . To show that x is supported by a subset of 
{sj : i £ uj} for some strictly decreasing sequence (sj)ig(^ of elements of 5* converging 
to 0, it is enough to show that given any s £ S, there are t < s < r £ S such that 
X is null on Sr)]t, s[ and on S'n]s,r[. To do that, fix t' < s in S", and take N £ uj 
such that yq ^ p ^ N , d^^{xq,Xp) < t' . x^ being in B5, there are t and r in 5 
such that t' < t < s < r and xn is null on Sr)]t, s[ and on Sn]s, r[. We claim that 
X agrees with xn on 5n]t', +oo[, hence is null on Sn\t, s[ and on S'n]s, r[. Indeed, 
let N. Then d^^ {xn, xn) < t' < s so x„ and xn agree on Sr)]t' ,+oo[. Hence, 
for every u £ Sr]]t' , +oo[, the sequence {Xn{u))n^N is constant and by definition of 
X we have x{u) = a;„(u). The claim is proved. 

Claim. The sequence {xn)n<£uj converges to x. 

Let e > 0. Fix s e Sr\]0, e[ and N £ u; such that Vq^p^ N, #s (3;^^ j;^) < 
Then, as in the previous claim, for every n ^ N , Xn and xn (and hence x) agree 
on S'n]s,+oo[. Thus, d^^' (a:;„, a;) s < e. □ 

Observe that when S = {l/{n+l) : n £ uj}, the metric completion of B5 is the 
Baire space denoted A/", a space of particular importance in descriptive set theory. 

Note also that the same method can be applied to provide a full description 
of any complete separable ultrahomogeneous ultrametric space whose distance set 
admits as an accumulation point. Indeed, let X be such a space. According to 
Theorem |6l X admits a countable dense subspace, call it Y. By Proposition [9l Y 
has a very particular form: It is the space of all finitely supported elements of some 
product HsGS where each is an integer (seen as a finite set) or Q and where 
the distance is defined by 



d^ {x, y) — max{s £ S : x{s) ^ J/(s)}. 
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Therefore, by the method we just used to describe Bs, the completion of Y 
can be described exphcitly. Formally: 

Proposition 12. Let X be a complete ultrahomogeneous ultrametric space 
whose distance set S admits as an accumulation point. Then there is a fam- 
ily {As)s^s of elements of loU {Q} with size at least 2 such that X is the set of all 
elements x £ IlseS which there is a strictly decreasing sequence {si)i^^ of 

elements of S converging to such that x is supported by a subset o/{sj : i G uj}. 
The distance is given by: 

d^{x, y) = min{s e S -.yt e S{s < t x{t) = y{t))}. 

Observe also that in the ultrametric setting, there is no analog of the Urysohn 
space U: Passing to the completion does not provide a complete separable ul- 
trahomogeneous ultrametric space which is universal for the class of all separable 
ultrametric spaces. There is a good reason behind this: 

Proposition 13. An ultrametric on a separable space takes at most countably 
many values. 

Proof. Let X be ultrametric and separable with Xq C X countable and dense. 
Then S := {d'^{x,y) : x y G Xq} is countable and Xq embeds into B5, so the 
completion Xq of Xq embeds into B5. But X C Xq. It follows that X embeds into 
B5 and that only countably many distances appear in X. □ 

4.3. £2 and §°°. The purpose of this section is to show how £2 or §°° are 
connected to the spaces introduced in section [331 We mentioned indeed that for 
a countable dense S c]0, +00 [, Hs is a Frai'sse class whose corresponding Urysohn 
space Us is a countable metric subspace of £2 but that the structure of this space 
was quite mysterious. The goal of this section is to prove that it is not the case for 
the completion: 

Proposition 14. Let S c]0, +oo[ be countable and dense. Then the metric 
completion of Hs is £2 ■ 

Proof. It is enough to prove that if is seen as a metric subspace of £2 
containing 0^^, then its closure X :— H5 is a vector subspace of £2- Indeed, X will 
then be an infinite dimensional closed subspace of £2, hence isometric to £2 itself. 

We first show that if a; G X and A G R, then Aa; G X. By continuity oi y 1^ Ay, 
it suffices to concentrate on the case where x G Hs. Without loss of generality, 
we may assume x 7^ Oi^ and A 7^ 0. Fix e > 0. Using the fact that S is dense 
in ]0, +oo[, we can pick y € £2 such that {0,2:,?;} G Tis and \\y — Xx\\ < e. By 
ultrahomogeneity, find y' G H5 such that {Oi^, x,y'} and {Oi2,x,y} are isometric 
via the obvious map. Then an easy computation shows that \\y' — Xx\\ < e. Hence, 
Ax G X. 

Next, we show that X is closed under sums. As previously, continuity of + 
allows to restrict ourselves to the case where x,y G Hs \ {0^2 }. Fix e > 0. As 
previously, find z G £2 be such that || (a; + y) — z|| < e and {Oi^^x^y, z} G Hs- 
By ultrahomogeneity, find z' G £2 such that {Oi^, x,y, z'} and {Oi^, x,y, z} are 
isometric via the obvious map. Then again, an elementary computation shows that 
||(a; + y) ~ z'\\ < e. It follows that {x + y) e X. □ 



A similar fact holds for 85: 
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Proposition 15. Let S c]0, +(X)[ be countable and dense. Then the metric 
completion of Ss is §°° . 

Proof. See S5 as a metric subspace of S°°. Since elements of Sg U {0^3} 
are affinely independcmt, it is enough to prove that Y := Sg is such that the 
set {Ay : A G M, y e Y} is a vector subspace of £2- Indeed, Y will then be the 
intersection of an infinite dimensional closed subspace of £2 with §°°, hence isometric 
to S°° itself. To do that, it suffices to show that || ^.^^ | | {x + y) E Y whenever 
x,y gY and x + y Oe^- By continuity of ||.|| and of +, it is enough to consider 
the case where x,y G Ss- Fix s > 0. Find z G S°° such that {x,y,z} G Ss and 

{x + y) — z < £. By ultrahomogeneity, find z' G £2 such that {0^^ , x, y, z'} 



\x+y\\ 



and {Oirj, x,y, z} are isometric via the obvious map. Then one can check that 



\\x+v 



■{x + y) - z' 



< £. It follows that 



\x+v\ 



ix + y)GY. 



□ 



CHAPTER 2 



Ramsey calculus, Ramsey degrees and universal 

minimal flows. 

1. Fundamentals of Ramsey theory and topological dynamics. 

In this section, we introduce the basic concepts related to structural Ramsey 
theory and present the recent results due to Kechris, Pestov and Todorcevic estab- 
lishing a bridge between structural Ramsey theory and topological dynamics. As 
for the introductory section in Chapter 1, our main reference here is [46|. 

Recall that for i-structures X, Z in a fixed relational language L, denotes 
the set of all copies of X inside Z. For k,l e \ {0} and a triple X,Y, Z of 
L-structures, Z — > 0^)k i abbreviation for the statement: 

For any X : (x) — t^iere is Y e (y) such that |x"(x)l < ^• 

When ^ = 1, this is simply written Z — > (Y)^. Given a class K of L-structures 
and X G /C, suppose that there is I G a; \ {0} such that for any Y G /C, and any 
A: G a; \ {0}, there exists Z G /C such that: 

Then we write tx;(X) for the least such number and call it the Ramsey degree 
of X in JC. These concepts are closely related to purely Ramsey-theoretic results 
for classes of order structures: Let L* be a relational signature with a distinguished 
binary relation symbol <. An order L* -structure is an L*-structure X in which the 
interpretation <-'^ of < is a linear ordering. If JC* is a class of i*-structures, JC* is 
an order class when every element of JC* is an order L*-structure. 

Now, given a class JC* of finite ordered L*-structures, say that JC* has the 
Ramsey property (or is a Ramsey class) when for every (X, <"^), (Y, <'^) G JC* and 
every fc G w \ {0}, there is (Z, <^) G JC* such that: 

(Z,<^)^(Y,<Y)f<'\ 

Observe that k can be replaced by 2 without any loss of generality. On the 
other hand, given L* as above, let L be the signature L* \ {<}. Then given an 
order class /C*, let /C be the class of L-structures defined by: 

JC = {X: (X,<^) G IC*}. 

Say that JC* is reasonable when for every X,Y G IC, every embedding tt : 
X — > Y and every linear ordering ^ on X such that (X, -<) G JC* , there is a linear 
ordering ^' on Y such that tt is also an embedding from (X, ■<) into (Y, For 
our purposes, reasonability is relevant because of the following proposition: 

Proposition 16. Let L* D {<} be a relational signature, JC* a Frai'sse order 
class inL*, L = L* \ {<} and JC ^ {X : (X, <^) G JC*}. Let {F,<^) = Flim(/C*). 
Then the following are equivalent: 
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(1) The class IC is a Frai'sse class and F = Flim(/C). 

(2) The classic* is reasonable. 

Finally, say that /C* has the ordering property when given X G /C, there is 
Y E K, such that given any linear orderings <-'^ and <^ on X and Y, if (X, <-'^) , 
(Y, <^) £ K,* , then (Y, <^) contains an isomorphic copy of (X, <"^). Equivalently, 
for every (X, <-'^) e K,* , there is Y e /C such that for every linear ordering <^ on 
Y: 

(Y, <Y) elC* ^ ((X, <^) embeds into (Y, <Y)). 

Though not exactly stated in the present terminology, the study of the exis- 
tence and the computation of Ramsey degrees have traditionally been completed 
for several classes of finite structures such as graphs, hypergraphs and set systems 
(Nesetfil-Rodl [65] . |67j). vector spaces (Graham-Leeb- Rothschild [30j). Boolean 
algebras (Graham- Rothschild [31j ). trees (Fouche [20])... For more information 
about structural Ramsey theory, the reader should refer to [61| , to [32| or [62] . As 
for orderings, it seems that their role was identified quite early (see for example 
[50j or [64] ) . This information, together with many other references about Ramsey 
and ordering properties, can be found in "62]. On the other hand, metric spaces do 
not seem to have attracted much consideration, except maybe when the Ramsey 
exponent is small (namely, |X| = 1 or 2, see for example Nesetfil-Rodl [66] ). It 
is only very recently that the first Ramsey class of finite metric spaces was dis- 
covered. This result, which is due to Nesetfil and will be presented in the next 
section, was motivated by the connection we present now between Ramsey theory 
and topological dynamics. 

Let G be a topological group and X a compact Hausdorff space. A G-flow is a 
continous action Gx X — > X. Sometimes, when the action is understood, the fiow 
is simply referred to as X. Given a G-fiow X, a nonempty compact G-invariant 
subset Y d X defines a subflow by restricting the action to Y and X is minimal 
when X itself is the only nonempty compact G-invariant set (or equivalently, the 
orbit of any point of X is dense in X). Using Zorn's lemma, it can be shown that 
every G-flow contains a minimal subflow. Now, given two G-flows X and Y, a 
homomorphism from A" to 1" is a continuous map tt : X — > Y such that for every 
X £ X and g G G, ■n{g ■ x) — g ■ ■n{x). An isomorphism from A' to 1" is a bijective 
homomorphism from X to Y . The following fact is a standard result in topological 
dynamics (a proof can be found in [T]): 

Theorem 7. Let G he a topological group. Then there is a minimal G-flow 
M{G) such that for any minimal G-flow X there is a surjective homomorphism 
TT : M{G) — > X. Moreover, up to isomorphism, M{G) is uniquely determined by 
these properties. 

The G-flow M{G) is called the universal minimal flow of G. When G is locally 
compact but non compact, M(G) is a highly non-constructive object. Observe also 
that when M{G) is reduced to a single point, G has a strong fixed point property: 
Whenever G acts continuously on a compact Hausdorff space X, there is a point 
X € X such that g ■ x — x for every g £ G. G is then said to be extremely amenable. 

Theorem 8 (Kechris-Pestov-Todorcevic [46]). Let L* D {<} 6e a relational 
signature, JC* a Frai'sse order class in L* and {F,<^) = Flim(/C*). Then the 
following are equivalent: 
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(1) Aut(F, <^) is extremely amenable. 

(2) K,* is a Ramsey class. 

Let XfC' be the set of all JC* -admissible orderings, that is linear orderings -< 
on F such that for every finite substructure X of F, (X,-<f X) £ JC* . Seen as 
a subspace of the product F x F via characteristic functions, the set of all linear 
orderings on F can be thought as a compact space. As a subspace of that latter 
space, Xjc* is consequently compact and acted on continuously by Aut(F) via the 
action Aut(F) x X/c* — > Xk:*, {g, <) i — defined by a; <^ y iff g~^{x) < g~^{y). 
In other words, Xjq* can be seen as a compact Aut(F)-flow. The following theorem 
links minimality of this Aut(F)-flow with the ordering property: 

Theorem 9 (Kechris-Pestov-Todorcevic 3S])- Let L* D {<} 6e a relational 
signature, L — L* \ {<}, JC* be a reasonable Frai'sse order class in L* , and let 
IC ^ {X : (X, <^) e IC*}. Let (F, <'^) = Flim(/C*) and Xk.- be the set of all 
IC* -admissible orderings. Then the following are equivalent: 

(1) Xic* is a minimal Aut{F)-flow. 

(2) JC* satisfies the ordering property. 

Additionally, when Ramsey property and ordering property are satisfied, even 
more can be said about Xjc-, : 

Theorem 10 (Kechris-Pestov-Todorcevic [46j). Let L* D {<} 6e a relational 
signature, L = L* \ {<}, IC* a reasonable Frai'sse order class in L* , and IC defined 
as IC = {X : (X, <^) G IC*}. Let {F, <-^) = Flim(/C*) and Xk:- be the set of all 
IC* -admissible orderings. Assume finally that IC* has the Ramsey and the ordering 
properties. Then the universal minimal flow of Aut{F) is X/c*. In particular, it is 
metrizable. 

Note that this result is not the first one providing a realization of the univer- 
sal minimal flow of an automorphism group by a space of linear orderings: This 
approach was first adopted by Glasner and Weiss in |26j in order to compute the 
universal minimal flow of the permutation group of the integers. The paper [46] 
continues this trend and provides various other examples. Let us also mention 
that before [46], the pioneering example by Pestov in [72) followed by the one by 
Glasner and Weiss constituted some of the very few known cases of non extremely 
amenable topological groups for which the universal minimal flow was known to be 
metrizable, a property that M(Aut(F)) shares. 

Here, we will be using these theorems to derive results about groups of the 
form iso(X) where X is the Urysohn space or the completion of the Urysohn space 
attached to a Frai'sse class of finite metric spaces. 

This chapter is organized as follows: In section 2, we present several Ramsey 
classes of finite ordered metric spaces. We start with Nesetfil theorem about finite 
ordered metric spaces, follow with finite convexly ordered ultrametric spaces and 
finish with results about finite metrically ordered metric spaces. In section 3, we 
turn to the study of the ordering property and show that all the aforementioned 
classes satisfy it. We then apply those results to derive several applications. In 
section 4, we compute Ramsey degrees while in section 5, we use the connection 
from [46j to deduce applications in topological dynamics. We finish in section 6 
with some concluding remarks and open problems in metric Ramsey calculus. 
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2. Finite metric Ramsey theorems. 

2.1. Finite ordered metric spaces and Nesetfil's theorem. In what fol- 
lows, M."^ denotes the class of all finite ordered metric spaces. The purpose of this 
section is to present the proof of the following result, due to Nesetfil. 

Theorem 11 (Nesetfil 63 ). is a Ramsey class. 

The main idea is to perform a variation of the so-called ■partite construction. 
This technique is now well-known as its introduction by Nesetfil and Rodl in the 
late seventies allowed to solve the long-standing conjecture stating that for every 
n £ uj, the class of all finite ordered if^-free graphs is a Ramsey class. 

2.1.1. Free amalgamation of edge-labelled graphs. The first step is to see finite 
ordered metric spaces as finite ordered edge-labelled graphs. The result of Nesetfil 
and Rodl mentioned above can easily be transposed in the context of edge-labelled 
graphs (note that the partite construction originally appeared in [65] . but the 
interested reader may refer to [61] for the details): If one fixes a label set L, the 
class of all finite ordered edge-labelled graphs with labels in L is a Ramsey class. 
It follows that if (X, <-^) and (Y, <'^) are finite ordered metric spaces, then there 
is an edge-labelled graph (Z, <'^) with labels in the distance set of Y such that: 

(Z,<-)^(Y,<^)f^<^' 

The problem here is of course that nothing guarantees that Z is a metric space. 
The purpose of what follows is to show that this requirement can be fulfilled. Before 
going into the details of the proof, observe that ordered edge-labelled graphs satisfy 
the following version of amalgamation property, called free amalgamation property: 
For ordered edge-labelled graphs (X, <-'^), (Yq, <"^°), (Yi,<'^i) and embeddings 
/o : (X, <^) — > (Yo, <^o), /i : (X, <^) — > (Yi, <Yi), there is a third ordered 
edge-labelled graph (Z, <'^) as well as embeddings go : (Yq, <^'') — > (Z, <^) and 
gi : (Yi, <'^i) — > (Z, <^) such that: 

i) Z = g'^YoUg'{Y,. 

ii) 90 o fo - .91 o /i, g'^fllX = g'^Yo D g'(Y^{^ g'^f^X). 

iii) dom(A2) = U,<2 5rdom(AY.) = {{g^{x) , g,{y)) : {x,y) e dom(AY.)}. 

Such a (Z, <^) is called a free amalgam of (Yo,<^'') and (Yi,<^i) over 
(X, <^). One may think of (Z, <^) as obtained by gluing (Yq, <^°) and (Yi, <^i) 
along a prescribed copy of (X, <-'^). In what follows, free amalgamation will be 
used to perform the following kind of operation: If an ordered edge-labelled graph 
(X, <-^) embeds into (Yq, <^°) and (Yi, <'^^), then we may obtain a new ordered 
edge-labelled graph by extending every copy of (X, in (Yi, <'^^) to a copy of 
(Yq, K^") and by adding no more connections than necessary. 

2.1.2. Hales- Jewett theorem. Another ingredient in Nesetfil's proof is the well- 
known Hales- Jewett theorem coming from combinatorics. A direct combinatorial 
proof can be found in [32) , while a topological proof based on ultrafilters can be 
found in |89j . Let F be a set (the alphabet), v (the variable), and N a strictly 
positive integer. A word of length N in the alphabet F is a map from TV to F. A 
variable word in the alphabet F is a word in the alphabet F U {v} taking the value 
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V at least once. If x is a variable word and 7 G F, 7(2;) denotes the word obtained 
from X by replacing all the occurences of u by 7 and (x) denotes the set defined by 

{x) = {7(x) : 7 e r}. 

The set of all words of length N in the alphabet F is denoted W{T, N), whereas 
the set of all variable words in the alphabet F is denoted V(r, N). 

Theorem 12 (Hales- Jewett [37 ). Let F be a finite alphabet and k E uj strietly 
positive. Then there exists N €z to such that whenever W(T, N) is partitioned into 
k many pieces, there is a variable word x of length N in the alphabet F such that 
(x) lies in one part of the partition. 

2.1.3. Liftings. With the previous concepts in mind, we can turn to the first 
part of Nesetfil's proof. It involves an analog of partite graphs which we will call 
here liftings. For an edge-labelled graph (X, <-^) and subsets A and B of X, write 
A <^ B when 

WaeAybeB a<^ b. 

Definition 3. Let (X, <^) with X = {xa ■ a e |-'i^|}<-r be an ordered edge- 
labelled graph. A lifting of {X. is an ordered edge-labelled graph (K, <^) with 

Y = lJa<|Jf I such that: 

i) For every a < a' < \X\, Yq, <^ Ya> . 

a) For every a, a' < \X\, e Y^, ya' e Ya' , 

( (2^- G dom(A^) _| j;f^"^,)^dom(A^) 

Lemma 1. Let {X, <'^) be a finite ordered metric space and {Y,<^) be a lifting 
of {X, <^). Then there is a lifting [Z, of {X, <^) such that: 

Proof. Observe first that since d^ is defined everywhere on X x X , Xq, G Ya 
for every a < \X\. More generally, if {xa)a<\x\ is a strictly increasing enumeration 

of some copy (X, <-'^) of (X, <-^) in (Y, <^), then Xa is in e Y^ for every a < \X\. 
Moreover, ii a a' < \X\, then 

In other words, the label of an edge in a copy of (X, <-'^) in (Y, <^) depends 
only on the parts where the extremities of this edge live. Now, let N G ui be large 

enough so that Hales- Jewett theorem holds for the colorings of the set (x'<x) 
with two colors. 

For a < \X\, set ^ Y^ . Now, define Z = [ja<\x\ ^a- Z is a subset of 
and is consequently linearly ordered by the restriction <^ of the lexicographical 
ordering on F ^ . Note that this ordering respects the parts of the decomposition 

Zo <^ . . . <^ Z\x\-\- 
For the edges, proceed as follows: For a, a' < \X\, Za G Za,Za' G Z^', set 
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{za,Za') e dom(A^) <^ (Vn < N {za{n), Za'{n)) e dom(A'^)). 
In this case, set 

This situation is iUustrated in Figure [TJ 



Copies of 



Copies of y^' 




Figure 1. An edge {za,Za'} with label \^{xa,Xa'). 



It should be clear that the resulting ordered edge-labelled graph (Z, <'^) is a 

lifting of (X, <^). We are now going to show that (Z, <^) — > (Y, <'^)2 ' . For 
n < A^, let 7r„ denote the n-th projection from Z onto Y, ie: 

Vz e Z 7r„(z) = z(n). 

First, observe that copies of (X, <-'^) are related to their projections. The proof 
is easy and left to the reader: 

Claim. Let {X,<^) c {Z,<^). Then: 

This implies that we can identify (x'<x) with (x <x) , the set of words of 
length N in the alphabet (x'<x)- 

Claim. Let U he a variable word of length N in the alphabet (^'^x)- Then 
( F, <^) embeds into [j ([/). 
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Proof. Let V C N he the set where the variable hves and let F ^ N \V. 
For n e F, the nth letter of [/ is a copy {x'^ : a < \X\}^v of (X, <-'^) in (Y, <^). 
Now, for e Y with y G Yq, let e{y) he the element of Za defined by (see Figure 



if n e F, 
y it n & V. 




Then e is an embedding from (Y, <^) into (Z, <'^) and its direct image (Y, <'^) 
satisfies: ^ 

We can now complete the proof of the lemma. Let x ■ (x — ^ 2. Thanks 
to the first claim, x transfers to a coloring x. '■ (x'<'^) — ^ 2- ^^'^i by Hales- 
Jewett theorem for (x <x) and two colors, there is a variable word U of length 
N in the alphabet (x'<x) so that (U) is monochromatic. This means that (x <x) 
is monochromatic. But by the second claim, there is a copy (Y, <'^) of (Y, <"^) 
inside IJ ([/). Then (x'<x) is monochromatic. □ 

2.1.4. Partite construction. We start with the following definition, linked to 
the notion of metric path introduced in Chapter 1. Recall that for an edge-labelled 
graph (Z, <^), x,y G Z, and n £ uj strictly positive, a path from x to y of size n as 
is a finite sequence 7 = (zi)i<„ such that zq — x, Zn-i = y and for every i <n—l, 

{zi, Zi+i) e dom(A^). 
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For x,y in Z, P{x,y) is the set of all paths from a; to y. If 7 = {zi)i<_n is in 
P[x,y), II7II is defined as: 

n-l 
II7II = X! 

On the other hand, for r G M, ||7||^r is defined as: 

\\-l\\<^r = min(||7||,r). 

Definition 4. Let I lu be strictly positive and X he an edge-labelled graph. 
X is ^-metric when for every {x, y) G dom(A'^) and every path 7 from x to y of size 
less or equal to I: 

A^(x,y) sc: ||7||. 

It follows that X is metric when X is ^-metric for every strictly positive I € uj. 
Observe that this concept is only relevant when A"^ is not defined everywhere on 
X X X. 

Proposition 17. Let I g u. Let Z be a finite l-metric edge-labelled graph with 
label set Lz such that I £ lo is such that max Lz ^ I ■ min Lz- Then can be 
extended to a metric on Z. 

Proof. Using the notation introduced in Chapter 1, simply check that is 
as required, where 

\/x,y e Z = inf{||7||^,naxLz : 7 e ^(2^,2/)}- ^ 

Now, let Dy be the distance set of Y. To show that there is a finite ordered 

metric space (Z, <^) such that (Z. <^) — > (Y. <^)2''^'^ it suffices to show that 
for every strictly positive I G uj, the statement Hi holds, where 
Hi : "There is an ^-metric edge-labelled graph (Z, <^) with Lz C Z^y such that 

(Z,<^)^(Y,<Y)f 

Proof. We proceed by induction on Z > 0. For I = 1, there is no restriction 
on Z, so Hi is true according to the general theory of Nesetfil and Rodl. Assume 
now that for a given I > 0, Hi holds with witness (Z, <'^) = {zq, : a < |Z|}. 
Let (Pq, <^'') be the lifting of (Z, <'^) obtained as follows: The underlying set Pq 
is obtained by taking a disjoint union of copies of (Y, <'^), one for each copy of 
(Y,<Y) in (Z,<Z): 

y'^y), let ttq be the order preserving isometry 

from Yp onto /3 and let 

•z,<z^ 



Then define 

The construction of Pq is illustrated in Figure [31 
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(Po.<^°) 




Copies of (Y,<Y) in (Z,<2) 



Figure 3. Construction of Pq. 

Finally, for the linear ordering <^°, observe that the linear ordering <^ already 
allows to compare points which are not in a same part. By ordering the elements 
within a same part arbitrarily, one consequently obtains a linear ordering which 
respects the parts of the decomposition of Pq- The resulting lifting of (Z, <'^) is 
(Po,<^°). 

Observe that Pq is metric, and consequently {I + l)-metric. Now, write 

Inductively, we are now going to construct liftings (Pi, <^^),- ■ ■, {Pq, <^') of 
(Z, <'^), each of them {I + l)-metric, and such that: 

(P„<P^)^(Y,<^)f^<') 

To construct (Pi,<^i), consider ttoXi. The ordered edge-labelled graph in- 
duced on this set, call it (Vi, <^^), is a lifting of (X, <"'^). Apply lemma [1] to get 
a lifting (Wi, <Wi) of (X, <^) such that 

By strong amalgamation property, extend every element of (^J'<v/) to a copy 
of (Po,<^°)- The resulting finite edge-labelled graph is Pi. Its construction is 
illustrated in Figure IH 

It should be clear that associated to Pi is a natural projection tti from Pi onto 
Z. This allows to define the parts and the ordering on Pi. 

Claim. Pi is {I + l)-metric. 

Proof. Let xq, . . . ,a;i+i be a path in Pi such that (xo,a:z+i) € dom(A^i). We 
want 

I 

k=0 
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copies of Pg 



copy of Vi 
parts supporting Xi 

Figure 4. Construction of Pi from Pg. 



Or equivalently 

A^(7ri(a;g),7ri(a;/+i)) ^ (tti {xk ) , tti {xk+i) ) ■ 

k=0 

Since Z is Z-metric, the only case to consider is when the only connections 
occuring between elements of the projection of the path are (7ri(a;g), 7ri(x/+i)) and 
those of the form (TTi{xk),T^i{xk+i)) where k ^ I. Since both Wi and Pg are 
{I + l)-metric, it is enough to show that the path either stays in Wi, or stays 
in a fixed copy P of Pg. So suppose that the path leaves Wi. Using a circular 
permutation, we may reenumerate the path such that xq E P \ Wi. It follows 
then that is also in P. Now, assume now that for some fc, Xk ^ P- Find 
a < k < b such that Xa,Xb € Wi. Observe that because 7r"Wi is a copy of X in Z 
(namely Xi), Tri{xa) and 7ri(a;f,) are connected. But this is a contradiction: Since 
xo ^ Wi, 7ri(a;g) ^ {TTi{xa),Triixb)} and so (7ri(a;a), 7ri(a::h)) 7^ (7ri(a;g), 7ri(a;;+i)). 
On the other hand a + 1 7^ 6. □ 

In general, to build (Pi+i, <^'+^) from (P^, <^'), simply repeat the same pro- 
cedure: Consider TTjXj+i, 
on this set is a lifting of 
of (X, <^) such that 



The ordered edge-labelled graph (Vi+i, < 
X, <''^). Apply lemma [T] to get a lifting (W; 



^) induced 



< 



(V. 



-1, <V,+i 



By strong amalgamation property, extend every element of 



/Wi+i,<^ 



to a 



.+1^ 

V,+i,<^> + i > 

copy of (Pi, <'^*). The resulting finite edge-labelled graph is P^+i. The parts and 
the ordering on Pi+i are defined according to the natural projection tTj+i from P^+i 
onto Z. Pi+i then becomes a lifting of Z, and one can show that it is (/ -I- l)-metric. 
We now finish the proof by showing that 



(Y,<Y)f'<"^ 
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For the sake of clarity, we temporarily drop mention of the linear orderings 
attached to the edge-labelled graphs under consideration. 

Let X • ( x') — * ^- want to find Y G ( y') such that (^) is monochromatic. 
X induces a coloring x '■ — *■ 2 and by construction: 

Thus, there is a copy of Vg in so that (^) is monochromatic. Now, 
when constructing from Pq-i, Vg was extended to Pq-i G (p^' J for which x 
induces x ■ (^x ^) — * 2. Notice that is exactly Pq-i n 7rg_iXg, the subgraph 
of Pq_i projecting in Z onto Xg. being monochromatic, every two copies of 

X in Vg projecting in Z onto X, have the same color. 

Now, consider the natural copy Wg_i of Wg_i in Pg_i. X induces a 2-coloring 
of (^x~^) and Wg_i was chosen so that 

Wg_l (Vg_l)^ 

Therefore, there is a copy Vg_i of Yq-i in Wg_i so that (^x ^) is monochro- 
matic. Now, knowing how Pq_i is constructed from Pg_2, observe that Vg_i 
extends to a copy Pq_2 of Pg_2 inside Pg-i, with respect to which x induces: 

As previously, Vg_i is exactly Pq_2 H 7rg_2Xg_i, the subgraph of Pg_2 pro- 
jecting onto Xq_2- (^x being monochromatic, every two copies of X in Vg_i 
projecting in Z onto Xq_i have the same color. Keep in mind that thanks to the 
companion result at the previous step, the same holds for those copies of X in Vg_i 
projecting in Z onto Xg. 

By repeating this argument q times, wc end up with a copy Pq of Po in Pf, so 
that given any k G {1,. . . ,q}, any two copies of X in Pq projecting in Z onto X^ 
have the same color. From %, we can consequently construct a coloring 

X:{Xi,...,Xg} = (^) ^2. 

The color xO^k) is simply the common color of all the copies of X in Pg 
projecting onto Xfc. Now, remember that Z was chosen so as to satisfy: 

Z {Y)f. 

Thus, there is /? e (y) such that (^) is x-monochromatic. At the level of Pq 
and X) this means that all the copies of X in Pq projecting in Z onto a subset 
of /? have the same color. But by construction, the subgraph of Pq projecting 
onto f3 includes a copy Y, namely Y^. Y^ is consequently an element of ( y') for 
which (^) is monochromatic. This proves the claim, and finishes the proof of the 
theorem. □ 

In fact, the previous proof allows to prove a slightly more general result. For 
S c]0, +oo[, let denote the class of all finite ordered metric spaces with dis- 
tances in S. 
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Theorem 13 (Nesetfil [63 ). Let T c]0,+oo[ be dosed under sums and S be 
an initial segment ofT. Then Mg has the Ramsey property. 

It follows that in particular, the classes M^, -^Qp]o r] ^'^^ r > in Q, and 
•^wn]o m] with TO > in are Ramsey. Let us mention here that the assumption 
on the behavior of S with respect to sums is not superficial. We will see in the next 
two subsections that when this requirement is not fulfilled, the situation is pretty 
different. 

2.2. Finite convexly ordered ultrametric spaces. The purpose of this 
subsection is to provide another example of a Ramsey class. Let X be an ultrametric 
space. Call a linear ordering < on X convex when all the metric balls of X are 
<-convex. For S c]0, +oo[, let Ug"^ denote the class of all finite convexly ordered 
ultrametric spaces with distances in S. 

Theorem 14. Let S c]0, +oo[. Then Ug"^ has the Ramsey property. 

To prove this result, we first need some notations for the partition calculus on 
trees. Given trees (T, <^^) and (S, <f^^) as described in chapter 1, section 2.2, say 
that they are isomorphic when there is a bijection between them which preserves 
both the structural and the lexicographical orderings. Also, given a tree (U, <Yex)^ 
set: 

(t ^Jf) ^ ^^-^ ^ * ^ ^ ^''"^ - 

Now, if (S, <fg^), (T, <J^^) and (U, <J^^) are trees, the symbol 

(U, <Yex) * (T, <lex)k 

abbreviates the statement: 

For any x ■ (s,<f") ' ^ ^^'^'^^ (T' <L) ^ (^i'^")^ * < k, such that: 

x"{l'ff)-{i}- 

■ lex 

Lemma 2. Given an integer k G uj \ {0}, a finite tree (T, <f^^) and a subtree 
<fex) of{T, <f^J such that ht{T)^ht{S), there is a finite tree ( U, <Y^x) smc/i 

that ht( U) = ht( T) and ( [/, <,^J ( T, <L)i^^^'"^ • 

A natural way to proceed is by induction on the height ht(T) of T. But it is so 
natural that after having done so, we realized that this method had already been 
used in J20] where the exact same result is obtained. Consequently, we choose to 
provide a different proof which uses the notion of ultrafilter-tree. 

Proof. For the sake of clarity, we sometimes do not mention the lexicographi- 
cal orderings explicitly. For example, T stands for (T, <J^x)- let T C S be some 
finite trees of height n and set U be equal to w^". U is naturally lexicographically 
ordered. To prove the theorem, we only need to prove that U — > (T)^. Indeed, 
even though U is not finite, a standard compactness argument can take us to the 
finite. 

Let {si : i < |S|}^s be a strictly <pgj.-increasing enumeration of the elements 
of S and define / : |S| — > |S| such that: 

i) /(O) = 0. 
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ii) s/(j) is the immediate < ^-predecessor of Si in S if i > 0. 
Similarly, define g : \T\ — > |T| for T = {t^- : j < |T|}<t . Let also 

y = {X CV : X \ZS} (resp. ^ = {X C U : X C T}), 

where X □ S means that X is a <J^^-initial segment of some S = S. (resp. 
^) has a natural tree structure with respect to <J^^-initial segment, has height |S| 
(resp. |T|) and 

^""^ = (g) (resp. ^-"^ = (t)^- 

Now, for X in U, let ISu(a;) denote the set of immediate <^-successors of x in 
U. Then observe that if X e ^ \ is enumerated as {xi : i < |X|}^u and 

u gU such that X <jl^ u (that is x u for every x G X), then: 
X U {u} e ^ iff u e ISu(a;/(|x|))- 
Consequently, X,X' G y \ ymax j^g simultaneously extended in y iff: 

Now, for u € U, let >V„ be a non-principal ultrafilter on ISu(u) and for every 
X G ^ \ let Vx = Hence, Vx is an ultrafilter on the set of ah 

elements m in U which can be used to extend X in y . Let iS be a V -subtree of y , 
that is, a subtree such that for every X e «S \ 

{m e U : X <J^^ w and X U {«} G 5} € Vx- 

Claim. T/iere zs Tg (^) smc/i </iai (|) C .S™"^. 
For X G <S, let: 

{7x = {u G U : X u and X U {u} G 5}. 

The tree T is constructed inductively. Start with tq = 0. Generally, suppose 
that To <J^2, ... <J^2, Tj were constructed such that: 

VX C {to, . . . , Tj}, X G ^ ^ X G 5. 

Consider now the family I defined by: 

J = {/ C {0, . . . , j} : {ii : i G 7} U {t,+i} C S} 

For 7 G J let: 

X/ = {t, : i G 7}. 

The family (X/)/gx is consequently the family of all elements of y which need 
to be extended with t^+i. In other words, we have to choose Tj+i G U such that: 

i) {to,...,t,+i} g sr. 

ii) X/ U {tj+i} G >S for every 7 G X. 

To do that, notice that for any u G U which satisfies Tj <(^^ u, we have: 

{to, . . . , Tj, u} G 5^ iff u G ISu(rg(j+i)). 
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Now, for any such u and any / e X, we have Xi U {u\ € .y ie u aUows a 
simuhaneous extension of all the elements of {Xi : I E T}. Consequently, Vx, does 
not depend on / G I. Let V be the corresponding common value. For every / e X, 
we have Uxi £ V so one can pick Tj+i such that: 

'0 <"a: '0+1 ^ n 
lei 

Then Tj+i is as required. Indeed, on the one hand, because Tj+i e ISu('''g(j+i)): 

{to, . . ■,Tj+i} £ 3'. 
On the other hand, since Tj+i e Uxi , 

Xi U {tj+i} e 5 for every I el. 

At the end of the construction, we are left with T :— {tj : j e |T|} e £^ such 
that: _ 

The claim is proved. The proof of the lemma will be complete if we prove the 
following claim: 

Claim. Given any k € uj \ {0} and any X '■ — * there is a V -subtree S 
of .y such that (5™°^ is x-'monochromatic. 

We proceed by induction on the height of y. The case hi{y) = is trivial so 
suppose that the claim holds for ht{y) — n and consider the case ht{y) = n + 1. 
Define a coloring A : y{n) — > k by: 

A(A:) = e iff {u e U : a: U {m} e y{n + 1) and x{X U {u}) = e} e Vx- 

By induction hypothesis, we can find a V-subtree Sn of y \ n (the tree formed 
by the n first levels of y) such that 5™°^ is A-monochromatic with color Eq. This 
means that for every X E Sn, the set Vx is in Vx, where Vx is defined by: 

Vx ■■= {ue\J : XU{u} e y{n + 1) and x(A: U {u}) = eo}- 

Now, let: 

5 = 5„ u {a: u {u} : a: e 5„ and M e Vx}. 
Then 5 is a V-subtree of y and 5™°^ is x-monochromatic. □ 

We now show how to obtain Theorem [14] from Lemma [21 Fix S c]0, -|-oo[, 
let (X, <^), (Y, <^) € Ug'^ and consider (T, <5^^) associated to (Y, <^). As 
presented in section 2, (Y, <"^) can be seen as (T""'^,<^^). Now, notice that 

there is a subtree (S, <fg^) of (T, <^^) such that for every (X, <^) e ('^'x"<x'"") , 

the downward <'^-closure of X is isomorphic to (S,<pg^). Conversely, for any 

(S, <f^^) in (s <s"), (S , <pg^) is in x,<^'")- These facts allow us to build 

(Z, <^) such that: 

(Z,<^)^(Y,<Y)f^<'^ 



Indeed, apply Lemma[2|to get (U, <J^^) of height ht(T) such that: 
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Then, simply let (Z, K^) be the convexly ordered ultrametric space associated 
to (U, <^^). To check that (Z, <^) works, let: 



Remark. We will see later in this chapter that unlike W^^ , the class Ug of 
all finite ordered ultrametric spaces with distances in S does not have the Ramsey 
property. 

2.3. Finite metrically ordered metric spaces. The results of the two pre- 
vious sections suggest that the metric structure of the spaces under consideration 
strongly influences the kind of linear orderings to be adjoined in order to get a 
Ramsey- type result. The present subsection can be seen as an illustration of that 
fact. Let /C be a class of metric spaces. For s s]0, -l-oo[ and X G /C, let be the 
binary relation defined on X by: 



Say that s is critical for JC when for every X G /C, is an equivalence relation 
on X. On the other hand, given X G /C, say that a binary relation i? is a metric 
equivalence relation on X when there is s €]0, -|-oo[ critical in K. such that R =~^. 
For example, for the classes any s G S such that ]s, 2s] fl S" = is critical. Of 
course, when S is finite, maxS" is always critical, but there might be other critical 
distances. For instance, 2 is critical for A^{i,2,5}i 1 is critical for A^ii.a^} and for 
■'^{1.3, 6}- On the other hand, given S c]0, -foo[, any s € is critical for Us- 

Now, call a linear ordering < on X G /C metric if given any metric equivalence 
relation « on X, the ^-equivalence classes are <-convex. Given S c]0,-|-oo[, let 
Al™^ denote the class of all finite metrically ordered metric spaces with distances 
in S. 

Theorem 15. Let S be finite subset of ]0, +oo[ of size \S\ ^ 3 and satisfying 
the A-values condition. Then has the Ramsey property. 

Proof. The case \S\ = 1 is trivial. Recall that for \S\ — 2, there are essentially 
two cases, namely 5" = {1,2} and S = {1,3}. When X G A^{i,2}, all the linear 
orderings on X are metric so = A^^j^ 2} a Ramsey class thanks to Theorem 

1131 On the other hand, when X G Al{i,3}, X is ultrametric and the metric linear 
orderings on X are the convex ones. Thus, j5_*3} ~ ^{1^3} ^^'^ ^^"^ Ramsey 
property thanks to Theorem [T4l For \S\ — 3, the cases to consider are: 



(la) and (lb) are covered by Theorem [T3l (2c) is covered by Theorem [Ml The 
remaining cases could be treated one by one but in what follows, we cover them all 
at once thanks to the following lemma. Let T :— {1, 2, 5, 6, 9}. Then: 




The map x transfers to: 




Vx, 1/ G X a; «^ y ^ 



{x,y) ^ s. 



(la){2, 3, 4} (lb){l, 2, 3} (Id) {1, 2, 5} 
(2a) {1, 3, 4} (2b) {1, 3, 6} (2c) {1, 3, 7} 
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Lemma 3. has the Ramsey property. 

Proof. For (X, <^) e M^<, let 6x be the set of all balls of X of radius 2. 
Define an ordered graph (Gx, <*^'') as follows: The set of vertices of Gx is given 
by 

The linear ordering <'^x jg such that 

i) vf- <*^^ : X e b} <*^^ whenever b b' . 

ii) TT-^ is order-preserving. 

The set ^^(Gx) of edges of Gx is such that: 

i) {vf^^v} G ^'(Gx) iff (Vx e Vx' e b' d^{x,x') e {5,6}). 

ii) For every b ^ By^ and a; G X, {vf, t^^{x)} e E{G:x.) iff x £ b. 

iii) {7rX(:E),7rX(a;')} e £;(Gx) iff d^{x,x') e {1,5}. 
The construction of Gx from X is illustrated in Figure [5l 




Figure 5 . Construction of Gx • from X 



Now, define d^(*^^)({w, ^{^gx , {w', w'}<gx ) by: 

1 if w = w' and {w, w'} e _E(Gx), 

2 if w ^ w' and {u;,w'} ^ £^(Gx), 

< 5 if w 7^ w' and {?;,«'} e i;(Gx) and {w,w'} e i;(Gx), 
6 iiv^v' and {v, v'} e E{Gyi) and {w, w'} ^ -B(Gx), 
9 if w 7^ w' and {u,w'} ^ -B(Gx). 

Claim, d^^^^^ is a metric. 
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Proof. It is enough to show that the triangle inequahty is satisfied. Take 
{v,w}^Gx, {u',w'}<;Gx and {v" ,w"}^gx in £^(Gx) and set 

J d^(^-\{v',w'}^a^,{v",w"}^a^)=P 

We have to show that we are not in one of the following cases: {a,f3 e {1,2} 
and 7 > 5) or (a e {1,2}, /3 G {5,6} and 7 = 9). Assume that q:,/3 € {1.2}. 
Then v = v' and v' = v" . Thus, v = v" and 7 < 5 so the first case is covered. 
For the second case, assume that a e {1,2} and /? G {5,6}. Then v = v' and 
{v', v") e i;(Gx). It follows that {v, v") e i;(Gx) and so 7 ^ 9. □ 

For a; G X, lc;t b{x) denote the only element h of Sx such that a; € 5 and define 
a map (/^x : X — > i?(Gx) by <px(a;) = {^^(x)' '''"'^(^)}- Then it is easy to check 
that when £;(Gx) is equipped with the lexicographical ordering: 

Claim, ipx is an order-preserving isometry. 

The map (X, <-^) (Gx, <'^^) consequently codes the ordered metric space 
(X, <-^) into the ordered graph (Gx, <^^). We now prove two essential properties 
of this coding. Let (Y, <^) be a finite ordered metric space and (X, <-^) be a 
subspace of (Y, <^). 

1) Every copy of (X, <■''■) in (Y, <^) gives raise to a copy of (Gx, <^'^) in 
(Gy,<°-). 

2) Conversely, every copy of (Gx, <*^^) in (Gy, <^^) codes a copy of 
(X,<X) in (Y,<Y). 

More precisely, for 1), let (Y, G M'^<. Thanks to the previous claim, we 
have: 

(Y, <Y) - {{{v^^yyn^{y)}^G. :yeY}, <,e.) =: (Y, <^). 

Claim. Let {X,<^) e '^^^^ {[jX<^''\\J^) = iGx,<^'')- 

Proof. Since cpy is an order-preserving isometry, ^X supports a copy of 
(X, <-^) in (Y, <^). Let ip : X — > ^X be the order-preserving isometry wit- 
nessing that fact. On the one hand: 

U X = {t;Y^) : X e ^X} U {n^ix) : x G ^X} 
= {«KV(x)) : a; G X} U {n^H^ix)) : a; G X}. 
On the other hand: 

Gx = {vf^,^ : X G X} U {n'^ix) : x G X}. 

Therefore, it is enough to check that the map defined by w^^^ 1-^ ^^^(x)) ^^'^ 
7r-^(x) I— > TT^ {ip{x)) for every x G X is an ordered graph isomorphism. The fact that 
the ordering is preserved is obvious. To verify that the edges are also preserved, we 
have to check that for every x, x' G X: 

i) Ki.y^fi.')} e E{G^) iff {^6T^(.)),<^(.o)} ^ ^(^v)- 

ii) Ki.y^^'i^')} e ^^(Gx) iff {v^^^^^^yn^i^ix'))} G E{G^). 
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iii) {7rX(:c),7rX(x')} e ^^(Gx) iS {n^ {ij{x)),Tr^ {i;{x'))} G E{G^). 
Let x^x' Gli.. For i) 

Kx)'^Kx')}ei^(Gx) - d^(x,x')G{5,6} 

^ q!Y(VX.x),V(-t')) e {5,6} 

For ii) 

Kx)'^''(^')}e£;(Gx) - dX(x,x')e{l,2} 



{1,2} 

"6(V(x)) 



{«^,*rx^v'^''(V'(^'))}ei;(Gv) 



Finally, for iii) 



d^{x,x') G {1,5} 
dY(V,(a;),V'(x'))e {1,5} 
{-K^{i,{x)U^{'^{x'))}&E{G^) 



□ 



For 2), we need to show how, given a copy of (Gx, <^^), one can reconstruct 
a 'natural' copy of (X, <-'^). We proceed as follows: Let (G,<^) be a copy of 
(Gx- <*^^) and let a bo an order-preserving graph isomorphism from (Gx, <*^^) 
onto (G, <*^). Then the ordered metric subspace of (i?(Gx), <iex) supported by 
{{<j{v^^^^),a{'K^{x))} : X e X} is isomorphic to (X, <-^). In the sequel, it will be 

denoted Xq and will be called the natural copy of (X, <-^) inside (£^(Gx), <iex)- 
Wc can now turn to a proof of the lemma. For the sake of clarity, we temporarily 
drop mention of the linear ordcrings attached to the graphs and the metric spaces 
under consideration. Let X, Y be in Al™^ and fc > be in Thanks to Ramsey 
property for the class of finite ordered graphs, find a finite ordered graph K such 
that: 

K--(Gy)^-. 

Now, let Z be the ordered metric space E(K) equipped with the metric de- 
scribed previously and ordered lexicographically. We claim that: 

Z {Y)f. 

Indeed, let x '■ (x) — ^ ^- "^^^ X induces A : {^^) — > k defined by 

A(G) = x(Xg). 

Find Gy = Gy such that (q^) is A-monochromatic. Call its color e and let Y 

be the natural copy of Y inside i?(GY). Then (^) is x-monochromatic: Indeed, if 

X G (^) , then by a previous claim IJ X = Gx- It follows that x(X) = A(U X) = e. 
This finishes the proof of the lemma. □ 
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We now deduce Theorem [T5l from Lemma [3l To show that A^|^^ gj has the 
Ramsey property, let (X, <^), (Y, <'^) be in M'^\'^^^y. Then (X, <^) are also 
(Y, <^) in Mt< so we can find (Z, <2) in Al™< such that 

(Z,<-)^(Y,<^)f^<^\ 
Now, define a new metric d^^'^'^^ on Z by: 

r 1 if d^{x,y) = l 
d^''^^'Hx,y) ^ { 2 if d^{x,y) = 2 
[ 5 if d^ix,y) ^ 5 

Then, observe that (Z, d', <^) in is such that 

(Z,d',<^)^(Y,<Y)f<'\ 

For the proof is the same except that is not replaced by d^^'^-^^ 

but by d{i'3,4} (jggned by: 

r 1 if d^{x,y)e {1,2} 
d^^'^'^^x,y) = <^ 3 if d^ix,y)^5 
[ 4 if d^{x,y) ^ 6 

Finally, for M"Y\ gj, replace by d^^^^-^^ defined by: 

r 1 if dZ(a:,y)e{l,2} 
d^i'3,6}(^^y)^ J 3 if d^ix,y)e{5,6} □ 
[ 6 if d^{x,y) = 9 

3. Ordering properties. 

After Ramsey property, we turn to the study of ordering properties. As we will 
see, ordering property is usually much easier to prove than Ramsey property. 

3.1. Finite ordered metric spaces. Wc start with a case for which the 
ordering property is a consequence of the Ramsey property. 

Theorem 16. has the ordering property. 

Proof. Let D be the largest distance appearing in X. Observe that (X, <-^) 
can be embedded into (X, <-''■) such that (X, <-^) and (X,-''- >) are isomorphic. 
There is consequently no loss of generality if we assume that (X, and (X,-'^ >) 
are isomorphic. Wc first construct (Z, <'^) including (X, <-^) as a subspace and 
such that given any x <^ y € X, there is z G Z such that: 

X z y and z) = y). 

A way to obtain such an (Z, <'^) is to proceed as follows. Seeing (X, <-'^) as a 
finite ordered edge-labelled graph, connect any two distinct points by a broken line 
consisting of two edges with label D. Observe that the corresponding edge-labelled 
graph is /-metric for every I so the labelling can be extended using the shortest 
path distance. Therefore, the corresponding metric space Z does include X as a 
subspace. We now have to order Z. Take x <^ y e X. When expanding X to 
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Z, a broken line {x, z, y} was added with d'^{x, z) — d'^{y, z) — D. Define a linear 
ordering <^^'?^1 on this line by: 

X <'f"^'J^> z <-t^^2'> y. 

Now, concatenate all the orderings of the form <{^'f )■ according to the lexico- 
graphical ordering on the the set of edges {{x,y}^x : x,y £ X} in order to obtain 
<'^. Then, the finite ordered metric space Z is as required. Now, let (T, <-"■ ) be 
the unique ordered metric space with two points and distance D between them, 
and let (Y, <^) be such that: 

Claim. Given any linear ordering < on Y, (Y, <) includes a copy of {X, <'^). 

To prove that claim, let < be a linear ordering on Y and let x • (t'<t) — ^ ^ 
be such that: 

xii^iU}) = 1 iff and < agree on {x,y}. 

By construction, we can find a copy (Z, <^) of (Z, <'^) in (Y, <^) with (^'<t) 
monochromatic. Call e the correspondong color. Now, let (X, <-^) be a copy of 
(X, <^) inside (Z, <^). 

Subclaim. (X, <) = (X, <^). 

There are two cases, according to the value of e. If e = 1, we prove that given 
any a;, y e X, < and agree on {a;, y}. This will show (X, <) = (X, <"^). So let 
X y. Find z e Z such that x <'^ z y and d'^{x,z) — d'^{x,z) = D. Since 
£ = 1, < and <^ agree on {x, z} and {z, y}. Thus, x < z < y and so x < z. If e = 0, 
we prove that given any x,y E < and disagree on {x,y}. This will show 
(X,<) ^ (X,^>) and since (X,^ >)^= (X, <^), we wih get (X, <) = (X,<^). 
Let X <^ y. Pick z £ Z such that a; <^ z <^ y and d'^{x, z) — d'^{x, z) — D. Since 
£ = 0, < and <^ disagree on {a;,z} and {z,y}. Thus, x > z > y and so a; > z. 
This proves the subclaim, finishes the proof of the claim and completes the proof 
of the lemma. □ 

The proof we presented here makes use of Ramsey property but we should 
mention here that this is not the only way to proceed. See for example [62 where 
the same result is proved thanks to a probabilistic argument. 

Observe also that as for Ramsey property, the previous proof allows to prove 
ordering property for classes Mg whenever S is an initial segment of some T C 
]0, +00 [ which is closed under sums: 

Theorem 17. Let T c]0, -|-oo[ he closed under sums and S be an initial segment 
of T . Then has the ordering property. 

Thus, in particular, all the classes TWq, -^Qpijo r] ^^^^ r > in Q, and 
A^^ ,„ , with m > in w have the ordering property. 
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3.2. Finite convexly ordered ultrametric spaces. The next case of order- 
ing property shows that ordering property can be proved completely independently 
of Ramsey property. 

Theorem 18. lAg"^ has the ordering property. 

We begin with a simple observation coming from the tree representation of 
elements of Ug"^ . 

Lemma 4. Ug"^ is a reasonable Frai'sse order class. 

Proof. The proof is left to the reader. Let us simply mention that it suffices 
to show that given X C Y in Us and a convex linear ordering on X, there is a 
convex linear ordering <^ on Y such that <^ f X =<-^. □ 

Call an element Y of Us convexly order-invariant when (Y, <i) = (Y, <2) 
whenever <i, <2 are convex linear orderings on Y. The following result is a direct 
consequence of the previous lemma: 

Lemma 5. Let (X, <^) e Ug'^ and assume that X C Y for some convexly 
order-invariant Yin Us. Then given any convex linear ordering < on Y, (X, <'^) 
embeds into ( Y, <). 

Proof. Let <^ be as in the previous lemma. Let also < be a convex linear 
orderings on Y. Then (X, <^) embeds into (Y, <'^) = (Y, <). □ 

We now show that any element of Us embeds into a convexly order-invariant 

one. 

Lemma 6. Let X G Us. Then X embeds into Y for some convexly order- 
invariant Y e Us . 

Proof. Let ao > ai > . . . > a„_i enumerate the distances appearing in X. 
The tree representation of X has n levels. Now, observe that such a tree can be 
embedded into a tree of height n where all the nodes of a same level have the same 
number of immediate successors, and that the ultrametric space associated to that 
tree is convexly order- invariant. □ 

Theorem [TSl follows then directly. We finish this subsection with the justifica- 
tion of the remark at the end of 12.21 stating that the class Ug of all finite ordered 
ultrametric spaces with distances in S does not have the Ramsey property. We 
start with: 

Theorem 19. Ug does not have the ordering property. 

Proof. Let (X, <-'^) be in Ug and such that the ordering is not convex on 
X. Let Y be in Us. Then there is a linear ordering < on Y such that (X, does 
not embed into (Y, <). Namely, any convex linear ordering < on Y works. □ 

We now show how this result can be used to prove: 

Theorem 20. Ug does not have the Ramsey property. 

Proof. Assume for a contradiction that Ug does have the Ramsey property. 
Then by a proof similar to the proof of Theorem[Tni Ug would also have the ordering 
property, which is not the case. □ 
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3.3. Finite metrically ordered metric spaces. Finally, we show how the 
methods used in the two previous subsections can be combined to prove that the 
ordering property holds for other classes of finite ordered metric spaces. 

Theorem 21. Let S be a finite subset o/]0, +oo[ of size \S\ ^ 3 and satisfying 
the A-values condition. Then A4^^ has the ordering property. 

Proof. As usual, the case \S\ = 1 is obvious. For S = {1, 2}, {2, 3, 4} or 
{1,2,3}, every linear ordering is metric so Al™^ is really A4g and as for Theo- 
rem [THl ordering property is a consequence of Ramsey property. For S ~ {1,3} 
or {1,3,7}, the metric linear orderings are the convex ones, so ordering property 
is given by Theorem 1181 So the only remaining cases are the cases where S is 
{1,2, 5}, {1,3,6} and {1,3,4}. 

For {1, 2, 5}, ordering property comes from ordering property for finite graphs. 
To prove that fact, recall that for X G A^{i,2,5}, balls of radius ^ 2 are disjoint 
and can be seen as finite graphs with distance 5 between them. Observe now that 
given (X, <^) G Mf{% gj,, we can embed (X, <^) into (Y, <^) G M'^^^^ gj where 
all the balls of radius 2 are isomorphic (as ordered graphs) to a same finite ordered 
graph (H, <^). So Y = ljj<fcYi for some fc G w, with Yq . . . <^ Yfc_i and 
(Yi, <'^|" Yi) = (H, <^) for every i < k. Let K be a finite graph such that given 
any linear ordering < on K, (H, <^) embeds into (K, <). Then the metric space 
Z defined by Z = lJ-^j,Zi with Z^ 5^ K for every i < fc is such that for every metric 
linear ordering < on Z, (Y, <'^) and hence (X, <-^) embeds into (Z, <). 

For {1, 3, 6}, ordering property also comes from ordering property about finite 
graphs. Recall that in that case, balls of radius 1 can be seen as complete graphs, 
and that between any two such balls, the distance between any two points is either 
always 3 or always 6. Let (X, <^) be in A^^^l, Embed (X, <^) into (Y, <^) 
G A^i^ij gj where all balls of radius 1 have the same size to. Define now a graph 
Gy on the set Gy of balls of radius 1 of Y by connecting two balls iff the distance 
between any two of their points is equal to 3. Observe that the ordering beeing 
natural, it induces a linear ordering Gy- Observe also that given a linear ordering 
on Gy, there is a unique metric linear ordering on Y extending it. Now, let K 
be a finite graph such that given any linear ordering on K, (Gy, <'^"^) embeds 
into (K, <). Let Z be the metric space whose space of balls is isomorphic to the 
graph K and where every ball of radius 1 has size to. Then given any metric linear 
ordering < on Z, (X, <-^) embeds into (Z, <). 

For {1, 3, 4}, the proof is a bit more involved. Fix (X, G A^^'i^g 4}- Recall 
that the relation « defined by x w y <-!■ d'^{x,y) = 1 is an equivalence relation. 
However, unlike the previous cases, the distance between the elements of two dis- 
joint balls of radius 1 can be arbitrarily 3 or 4. For (Y, <'^) G 4}, say that 
a linear ordering < on K is a local perturbation of <^ when 

Vx, y ^ Y d^{x, y)^3—^{x<y^x <^ y) 

Lemma 7. There is ( Y, <^) G 4J such that for any local perturbation < 

of {X, <^) embeds into ( Y, <). 

Proof. First, define a new linear ordering on X by setting 
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Now, let (T, <'^) be the ordered metric space with two points and distance 
1 between them. Let also (Xi,<-''-i) be in -M.^^^^ and such that (X, <-'^) and 

(X, <^) embed into (Xi, <-^i). By Ramsey property, find (Y, <^) such that 

(Y,<^)^(Xi,<^Of'^^'- 
We claim that (Y, <^) is as required: Let < be a local perturbation of 
Then, define x ■ (^;<t) — > 2 by 

X(T, <'^) = 1 iff < and agree on (T, <'^). 

By construction, there is a copy (Xi, <^i) of (Xi, <-^i) such that ("^'<t^) is 
X-monochromatic with color e. If s = 0, consider X C Xi such that 

(x,<*nx) = (x,<?). 

Then 

(X,<fX)-(X,<X). 
On the other hand, if e = 1, consider X C Xi such that 

(x,<*irx)-(x,<x). 

Then 

(X,<rX) ^ (X,<^). □ 

Lemma 8. There is Z G A1{i,3,4} such that for any metric linear ordering -< 
on Z, there is a local perturbation < of <^ such that ( Y, <) embeds into {Z, -<). 

Proof. Define a new linear ordering <^ on Y by 



Vx, y <eY 



d^{x,y) = 1 ^ {x <^^y ^ X <^ y) 
d^{x, y) ^ 3 ^ {x <^ y ^ y <^ x) 

Now, let (U, <^) be the ordered metric space with two points and distance 
3 between them. Let also (Yi, <^i) be in such that (Y, <^), (Y, <J^) 

embed into (Yi, <'^^) and such that any two balls of radius 1 contain two points 
with distance 3 between them. Still by Ramsey property, find (Z, <'^) such that 

Then Z is as required: Let ^ be a metric linear ordering on Z. Define a coloring 
A:(5;<")— 2by 

A(U, <U) = 1 iff ^ and <^ agree on (U, <U). 

By construction, there is a copy (Yi, <^^) of (Yi, <^^) such that (^'<u ) is 
A- monochromatic with color e. If £ = 0, consider Y C Yi such that 

(Y, <Yi \ Y) ^ (Y, <Z). 
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Otherwise, e = 1 and choose Y C Yi such that 

(Y, <Yif Y) ^ (Y, <Y). 

In both cases, (Y, < f Y) = (Y, <) for some local perturbation < of <^. □ 

To finish the proof of the theorem, it is now enough to observe that given any 
metric linear ordering -< on Z, (X, <■''■) embeds into (Z, -<). □ 



4. Ramsey degrees. 

In this section, we show how the Ramsey property and the ordering property 
allow to show the existence and to compute the exact values of Ramsey degrees 
in various contexts. Wc start with the results about A4. For X G A4, let LO(X) 
denote the set of all linear orderings on X. Thus, the number |LO(X)|/|iso(X)| 
is essentially the number of all nonisomorphic structures one can get by adding a 
linear ordering on X. Indeed, if <i,<2 arc linear orderings on X, then (X, <i) 
and (X, <2) are isomorphic as finite ordered metric spaces if and only if the unique 
order preserving bijection from (X, <i) to (X, <2) is an isometry. This defines an 
equivalence relation on the set of all finite ordered metric spaces obtained by adding 
a linear ordering on X. In what follows, an order type for X is an equivalence class 
corresponding to this relation. 

Theorem 22. Every X G A4 has a Ramsey degree t^(X) in A4 and 
t^(X) = |LO(X)|/|iso(X)|. 

Proof. Let r(X) denote the number |LO(X)|/|iso(X)|. We first prove that 
tMpQ ^ Tp^), ie that for every Y e M, k G uj \ {0}, there is Z e such that 



ml 



(X)- 



Let {<a- a £ A} he a. set of linear orderings on X such that for every linear 
ordering < on X, there is a unique a G A such that (X, <) and (X, <„) are 
isomorphic as finite ordered metric spaces. Then A has size t(X) so without loss 
of generality, A = {1, . . . ,t(X)}. Now, let <^ be any linear ordering on Y. By 
Ramsey property for we can find (Zi, <^i) e Ad'^ such that 

(Zi,<^0^(Y,<^)f'<^^ 

Now, construct inductively (Z2, <'^^), (Zt-(x), <^-(^)) e such that for 
every ne {1, . . . , t(X) - 1}, 

(Z„+i,<Z'.+0^(Z„,<Z")f'<-+^^ 

Finally, let Z = Z^(x)- Then one can check that Z — > (Y)^^(x)- 
To prove the reverse inequality t7vi(X) ^ t(X), we need to show that there is 
Y G M such that for every Z G M, there is x '■ (x) — * '''(-^) ^itl^ property: 

VYe(^), x"(S =-(X). 
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Fix X e Al. By ordering property for A^<, find Y G such that for any 
hncar ordering < on Y, (Y, <) contains a copy of each order type of X. Now, let 
Z £ A4 and pick <^ any linear ordering on Z. Define a coloring x '■ (x) — * '''OQ 
which colors any copy X of X according to the order type of (X, <^ f X). Now, if 
possible, let Ye {^). Then (Y, <^ f Y) contains a copy of every order type of X, 
and 

= t(X). □ 

The exact same proof can be used in different contexts. For example, one can 
replace M by Ms where S is an initial segment of a subset of ]0, +oo[ which is 
closed under sums: 

Theorem 23. Let T c]0, +00 [ be closed under sums and S be an initial segment 
ofT. Then every X G Ads has a Ramsey degree txs(X) in Ads o-nd 

tM,(X) = |LO(X)|/|iso(X)|. 

This fact has two consequences. On the one hand, the only objects for which 
t^s(X) = 1 are the equilateral ones. On the other hand, there are objects for 
which the Ramsey degree is LO(X) (ie |X|!), those for which there is no nontrivial 
isometry. 

We now turn to ultrametric spaces: Given S c]0, +oo[, we showed that the 
class Ug'^ has the Ramsey property and the ordering property. Thus, if for X. gUs, 
cLO(X) denotes the set of all convex linear orderings on X, we obtain: 

Theorem 24. Let S c]0,+oo[. Then every X G Us has a Ramsey degree 
tu^ (X) in Us and 

tusiX) = \cLOiX)\/\isoiX)\. 

This fact makes the situation for ultrametric spaces a bit different from the 
metric case: First, the ultrametric spaces for which the true Ramsey property 
holds are those for which the corresponding tree is uniformly branching on each 
level. Hence, in the class Us, every element can be embedded into a Ramsey 
object, a fact which does not hold in the class of all finite metric spaces. Second, 
one can notice that any finite ultrametric space has a nontrivial isometry (this fact 
is obvious via the tree representation). Thus, the Ramsey degree of X is always 
strictly less than |cLO(X)|. In fact, a simple computation shows that the highest 
value tusOQ can get if the size of X is fixed is 21-^1^^ and is realized when the tree 
associated to X is a comb, ie when all the branching nodes are placed on a same 
branch. 

Finally, for S finite subset of ]0, +00 [ of size jS*] ^ 3 and satisfying the 4- values 
condition, we saw that the class Aig'^ has the Ramsey and the ordering properties. 
It follows that if for X e A^s, mLO(X) denotes the set of all metric linear orderings 
on X, one gets: 

Theorem 25. Let S be finite subset o/]0,+oo[ of size \S\ ^ 3 and satisfying 
the 4-values condition. Then every X G AAs has a Ramsey degree tMsi-^) -^S 
and 

tMsW = |mLO(J?)|/|iso(X)|. 
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5. Universal minimal flows and extreme amenability. 

After the study of Ramsey and ordering properties, we turn to applications in 
topological dynamics. 

5.1. Pestov theorem. In this subsection, we present a proof of the following 
result: 

Theorem 26 (Pestov [73]). Equipped with the pointwise convergence topology, 
the group of isometrics iso(t/) of the Urysohn space is extremely amenable (has the 
fixed-point on comptacta property). 

In the sequel, we present how this result can be deduced from the general theory 
exposed in the introduction of this chapter. The proof is taken from |46j . 

First, the class A^q is a reasonable Fraisse class. It follows that Flim(A^Q) = 
(Uq, <^'i) for some linear ordering on Uq. Furthermore, we saw that Mq 
has the Ramsey and the ordering properties. Consequently: 

Theorem 27 (Kechris-Pestov-Todorcevic [46]). The group Aut ( J7q , < ^"i' ) is 
extremely amenable. 

Theorem 28 (Kechris-Pestov-Todorcevic [46| ) . The universal minimal flow 
o/iso(t/Q) is the set LO(L'q) of linear orderings on Uq together with the action 
iso(C/Q) X LO(t/Q) — > hOi Uq), (5, <) 1 — defined by 

x<3 y iff g-^{x) < g-\y). 

We now show how to deduce Theorem [26] from those results. 

Lemma 9. Let G, H be topological groups and n : G — > H be a continuous 
morphism with dense range. Assume that G is extremely amenable. Then so is H . 

Proof. Let X be an 7J-flow. Denote hy a : H x X — > X the action. Define 
now a : G X X — > X by a{g,x) = a{'K{g),x). This turns X into a G-flow so 
there is a fixed point xq G X . But since tt has dense range, xq is also fixed for the 
i7-fiow. □ 

Now, recall that U is the completion of Uq so given any g € iso(UQ), there is 
a unique g extending g on U. Since every g G Aut(UQ,<^*2) is in particular an 
isometry of Uq, the map g ^ g \s 1-1 from Aut(UQ, <^«) into iso(U) and it is easy 
to check that it is continuous. Consequently, according to the previous lemma, it 
only remains to show that its range is dense in iso(U). 

Lemma 10. Let D C iso(C7). Let d denote the metric on {7q. Assume that: 

Ve > ^xi...xne U Mhe iso( U) 3x[ . . . x'^,y[ . . .y'^ e U 3g e D 

\/i^n d{x^,x'^) < e, d{h{xi),y[) < e, g{x[) = y[. 

Then D is dense in iso( IT). 

Proof. Fix e > 0, ft. € iso(U) and xi . . .Xn G U . Thanks to the hypothesis, 
find x'j . . . a;^, y[. . .y'^^ & U and g £ D for e/2. Then for i ^ n: 

d{g{x^),h{x^)) < d{g{xi),g{x'^)) +d{g{x'^),h{x^)) 
= d{xi,x[) + d{y[,h{xi)) 
< e. □ 
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So to check that {g g & Aut(UQ, <^'2)} is dense in iso(U), it is enough to 
show: 

Lemma 11. Given xi . . .XmUi ■ ■ -Un such that Xi i— > j/j is an isometry and 
given e > 0, there are x[ . . . x'^, y[ . . . y'^ G Uq so that a;- i— > y- is an order-preserving 
isometry with respect to < and 

Vi < n d{x'i,Xi)<e, d{y'-,yi)<e. 

Proof. Wc proceed by induction on n. For n = 1, simply choose x\,y[ € C/q 
such that d{x[,Xi) < e and d{y[, yi) < e. For the induction step, assume that we are 
at stage n and wish to step up to n + 1. Suppose that xi , . . . , Xn+i, yi, ■ ■ ■ J/n+i € U 
are given so that Xi i— > yi is an isometry. By induction hypothesis, find 
and y[ .. .y'^ G Uq so that a; • yl is an order-preserving isometry and 

Vi<n d{x'i,x,) < e/2, d{y[,yi) < e/2. 

Fix a;°_|_;L, G J7q such that 

rf(a;°+i, a;„+i) < e/2, y„+i) < 

For i ^ n, set := d{x^^i,xl) and := y-). Without loss of general- 

ity, we may assume that e < dijd^. Therefore: 

\di-d{Xn+l,Xi)\ < \d{x'}^_^_i,Xn+l) + d{Xi,x'i)\ <£. 

Similarly, 

- d{yn+i,yi)\ < e. 

So 

\di - d\\ = \di - d{xn+\,Xi) -\-d(xn+i-,Xi) - d{yn+i,yi) + d{yn+i,yi) - d-| < e. 
Now, set Cj := (d, -|- d^)/2 and consider the ordered metric space 
{{x'l, . . . , x'„, a;^_|_i, u}, d', -<) 

where 

d'{Xi,x'j) =d{x'i,x'^), d'(a;i,a;°+i) =d{Xi,xl+^), d'{u,x'i) = 
and d'{u,x^_^_i) is any irrational number satisfying the inequalities: 
Vi < n \di - ei\ ^ d'{u, a;°_,_i) < 2£ < d, + Cj. 
Observe that the existence of such a number is guaranteed by the inequalities 



and 
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As for ^, we let it agree with the ordering < of Uq for x'l, . . . ,x'„, x'^^i and set 
a;^ ^ M as weh as x'!^_^_l -< u. Assuming that d! defines a metric, we finish the proof 
as foUows: By the properties of (Uq, <^'J), we can find a point x'^j^t^ G J7q with 
x'i < for every i < n, a;°+i < x^+i and d{x'^^j^,x'^ = a, d{x'^^^,x°^+^) = 

d' {u^x'^j^i) < 2e. Similarly, we can find y'n+i G Uq with ?/,■ < y'n+i for every i ^ n, 
y^+i < y'n+i and d{y'^_^_J^,yl) = e,, = < 2e. Then, h-^ y'^ 

defines an order preserving map and 

'^(^n+l; ^^n+l) ^ d(a;Jj_|^]^ , xj'j^j^ ) + d{x'^^i,Xn+l) < 3£, 

which completes the proof. It remains to check that d' indeed defines a metric: 
(i) Since d' {x'^_^_i, x[) = di, d'{u,x[) = e^, we need to check that 

\di - e^l < c?'(u, a;°+i) ^di + e^, 

which is given by the definition of d' {u^x'^^j^i). 

(u) Let aij = d[x'i, x'j). We need to verify that 

\ei - Gjl < ^ ei + Cj. 

On the one hand: 

Mi - rfj l < ctij !^ di + d.j. 
On the other hand, — d{y'i, y'^) so we also have: 

H-d'^\^a,, ^d'^ + dr. 

Adding and dividing by 2, we obtain the required inequality. □ 

As in previous sections, simple adaptations of the proof allow to deduce similar 
results for other spaces. Fot example, instead of working with Mq and the structure 
(Uq, <^'J), one can work with the reasonable Frai'sse class A^Qpjg ij and its Fraisse 
limit (Sq, <^'i). Here are the results we obtain in this case: 

Theorem 29 (Kechris-Pestov-Todorcevic [46]). The group Aut{Sq,<^^) is 
extremely amenable. 

Theorem 30 (Kechris-Pestov-Todorcevic [46]). The universal minimal flow 
of iso(S'Q) is the set LO(Sq) of linear orderings on Sq together with the action 
iso{Sq)xLO{Sq) — > LO{Sq), {g, <) i — ><3 defined by x <3 y iffg-'^{x) < g^^{y). 

Theorem 31 (Pestov |73j ). The group iso(S') is extremely amenable. 

Other interesting examples appear when the distance set Q is replaced by uj or 
{1, . . . , m} for some strictly positive m in w. One then deals with the reasonable 
Fraisse classes and and their Fraisse limits (U^^, <^") and (U,„, <Um-) 
respectively: 

Theorem 32 (Kechris-Pestov-Todorcevic [46]). The group Aut ( {7^; , < ^'^ ) is 
extremely amenable. 

Theorem 33 (Kechris-Pestov-Todorcevic |46j ). The universal minimal flow 
of iso{U^) is the set hO{U^) of linear orderings on Uuj together with the action 
iso( U^) X L0( LL) — * L0( U^), [g, <) i — ><f defined by 

x<3 y iff g'^{x) < g'\y). 
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Theorem 34 (Kechris-Pestov-Todorcevic [l^). The group Aut{Urn, <^'") is 
extremely amenable. 

Theorem 35 (Kechris-Pestov-Todorcevic [46]). The universal minimal flow 
of iso{Um) is the set LO(C/m) of linear orderings on Um together with the action 
iso( Um) X L0( Um) — > L0( Um), {g , <) ' — defined by 



5.2. Ultrametric Urysohn spaces. After Pestov theorem and its variations, 
the resuhs we present now deal with uhrametric spaces. In chapter 1, we mentioned 
that the Urysohn space B5 of the class Ug when S" is a countable distance set can 
be described explicitly. The class Ug'^ being a reasonable Fraisse class, its Frai'sse 
limit is therefore equal to (B5,<^^) for some linear ordering on Bs. It 

turns out that as B5, the ordering <^''' is also easy to describe: It is simply the 
lexicographical ordering coming from the natural tree associated to B5. 

Proposition 18. Let S c]0, +oo[ be countable. Then Flim(Z//|<) = {Bs, <^|). 

Proof. The only thing we have to check is that is the relevant linear 

ordering on B5, ie that (Bg, <^;^) is ultrahomogeneous. In what follows, we relax 
the notation and simply write d (resp. <) instead of d^^ (resp. ). We proceed 
by induction on the size n of the finite substructures. 

For n = 1, if a; and y are in B5, just define g : Bg — > Bg by 



For the induction step, assume that the homogeneity of (B5, <) is proved for 
finite substructures of size n and consider two isomorphic substructures of (B5, <) 
of size n-fl, namely xi < . . . < Xn+i and yi < . . . < y„+i. By induction hypothesis, 
find h e Aut(B5, <) such that for every 1 ^ i ^ n, h{xi) = yi. We now have to 
take care of Xn+i and yn+i. Observe first that thanks to the convexity of <, we 
have 



x<3 y iffg ^{x) < g ^{y). 



g{z) = z + y-x. 



d^Xyi , Xyi-\-± ) 



min{d{xi, Xn+i) : 1 ^ i ^ n}. 



Similarly, 



d{yn,yn+i) 



mm{d{yi,yn+i) : 1 ^ i ^ n}. 



Set 



S = d{Xn,Xn+l) = d{yn,yn+l). 

Note that yn+i and h{xn+i) agree on S'n]s,oo[. Indeed, 



d{yn+i,h{xn+i)) sC max(d(y„+i,y„),d(y„,/i(x„+i))) 



sC max(d(y„+i, j/„), d{h{xn), h{xn+i))) 
^ max(s, s) — s 



Note also that since j/„ < yn+i (resp. h{xn) < h{xn+i)), we have 

yn{s) < y7i+i{s). 



Similarly, 



66 2. RAMSEY CALCULUS, RAMSEY DEGREES AND UNIVERSAL MINIMAL FLOWS. 



yn(s) = h{Xn){s) < h{Xn+l){s). 

So (M \ (!2)n]y„(s), min(2/„+i(s), /i(x„-|-i)(s))[ is non-empty and has an element 
a. Next, the set Ja, oo[nQ is ordcr-isomorphic to Q so we can find a strictly in- 
creasing bijective :]a, oo[nQ — oo[nQ such that 

(l){h{xn+i){s)) = 2/„+i(s). 

Now, define j : B5 — > B5 by j{x) = a; if d{x,yn+i) > s. Otherwise (when 
d{x,y„+i) s), set 



x{t) \it> s, 

x{t) ii t = s and x{t) < a, 

(f>{x{t)) if i = s and a < x{t), 

x(t) + yn+i{t) - h{xn+i)it) at < s. 

One can check that j e Aut(B5, <) and that for every 1 ^ z ^ n, j{yi) = yi- 
Now, let g = j o h. We claim that for every 1 ^ i ^ n -I- 1, g{xi) = yi. Indeed, if 
I ^ i ^ n then g{xi) = j{h{xi)) = j{yi) — yi. Moreover, 



g[Xn+l){t) = j{h{Xn+l)){t) 

{hixn+i)it) if t > s, 

(j){h{Xn+i){t)) = yn+i{t) if t = s, 

h{Xn+l){t) + yn+l{t) ~ h{Xn+i){t) = y„+l(t) if t < S. 

ie g{xn+i) = yn+1- □ 

Therefore, Ramsey property together with ordering property for Ug'^ lead to 
the following result in topological dynamics: 

Theorem 36. The group Aut{Bs, <fj^) is extremely amenable. 

Theorem 37. The universal minimal flow 0/ iso(Bs) is the set cLO{Bs) of 
convex linear orderings on Bs together with the action iso(B5) x cLO{Bs) — > 
cLO(Bs), (5, <) I — defined by x <3 y iff g-\x) < g'^iy). 

Remark. In [46], Theorem 6.6, it is mentioned that for S — 2, Theorem can 
actually be proved directly using preservation of extreme amenability under direct 
and semi-direct products of topological groups. More recently, we were informed 
by Christian Rosendal that it is also the case for any countable S. Had this result 
been known to us before Theorem[T4l the equivalence provided by Theorem[8]would 
have allowed to deduce Theorem [Til from it. 

We now use these results to compute the universal minimal flow of the metric 
completion Bg of B5. We follow the scheme adopted in the previous section. Let 
'^Tex natural lexicographical ordering on B5. 

Lemma 12. There is a continuous group morphism for which Aut(Bs, <fj^) 
embeds densely into AvLt{Bs, <^^)- 

Proof. Every g e iso(B5) has unique extension g g iso(B5'). Moreover, 
observe that can be reconstituted from . More precisely, ii x,y € B5, and 
x,y £ B5 such that d^'^{x,x),d^'^{y,y) < d^^{x,y), then 
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^ y iff ^ y- 

Note that this is still true when and are replaced by -<€ cL0(B5) and 
-< \ Bg e cL0(B5) respectively. Later, we will refer to that fact as the coherence 
property. Its first consequence is that the map g ^ g can actually be seen as a map 
from Aut(Bs, ) to Aut(B5, ). It is easy to check that it is a continuous 
embedding. We now prove that it has dense range. Take h e Aut(Bs,<^^), 

•^1 *^ex ••• *^ex ■^•S' £ > 0) 8.nd Consider the corresponding basic open 

neighborhood W around h. Take > such that r] < e and 

VI < i ^ j < n, < dP^ {xi,Xj). 

Now, pick a;i , . . . , a;„, 2/1 , . . . , y„ € Bg such that 

VI ^ i ^ n, d^^ {xi,Xi) < T] and d^^ {h{xi),yi) < r]. 

Then one can check that the map Xi i— > ?/i is an isometry from {xi : 1 < j < n} to 
: 1 ^ i ^ n} (because Bg is ultramctric) which is also order-preserving (thanks 
to the coherence property). By ultrahomogeneity of (Bs,<;^|), we can extend 
that map to go G Aut(Bs, <^|). Finally, consider the basic open neighborhood V 
around go given by xi, . . . , a;„ and 77. Then {g : g G V} C W. Indeed, let g G V. 
Then d^'='{g{xi), h{xi)) is less or equal to 

max{rf^s {g{xi),g{xi)), d^^ {g{xi),go{xi)), d^^ (5o(a;i), h{xi))}. 

Now, since g is an isometry, d^^ {g{xi), g{xi)) = d^^{xi,Xi) < t] < e. Also, 
since g gV, d^'=' {g{xi) , go{xi)) < rj < s. Finally, by construction of go, 

d^^{go{xi),h{xi)) = d^^{yi,h{xi)) <r]<s. 

Thus d^^ {g{xi), h{xi)) <e BxAg gW. □ 

As a direct corollary, we obtain: 

Theorem 38. The group A.\xt{Bs, <^|) is extremely amenable. 

Let us now look at the topological dynamics of the isometry group iso(Bs). 
Note that iso(Bs) is not extremely amenable as its acts continuously on the space 
of all convex linear orderings cL0(B5) on B5 with no fixed point. The following 
result shows that in fact, this is its universal minimal compact action. 

Theorem 39. The universal minimal flow ofiso(Bs) is the set cLO(Bs) to- 
gether with the action iso(Bs) x cL0(B5) — > cLO(Bs), {g,<) 1 — defined 
by 

X <s y iff g-\x) < g-\y). 

Proof. Equipped with the topology for which the basic open sets are those 
of the form {~<G cLO(Bs) :-<f X =<f X} (resp. {^e cLO(Bs) X =<r X}) 
where X is a finite subset of B5 (resp. B5), the space cL0(B5) (resp. cL0(B5)) 
is compact. To see that the action is continuous, let <G cL0(B5), g E iso(B5) 
and W a basic open neighborhood around <^ given by a finite X C Bg. Now take 
e > strictly smaller than any distance in X and consider 
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[/ = {/i e iso(Bs) -.yx (E X{d^^{g-^{x),h-^{x)) < e)}. 

Let also 

y = {-<€ cL0(B5) :-< \'gX^-<\ tx}. 

We claim that for every {h,-<) £ U x V, we have ^''S W. To see that, 
observe first that if a;,?; e X, then h~^{x) -< h^^{y) iff g~^{x) -< (this is a 

consequence of the coherence property). So if {h, ^) E U x V and x,y £ X we have 

X'<^y iff h~\x)'<h~^ (y) by definition of -< 

iff g^^{x) -< g^^{y) by the observation above 
iff g^^{x) < g^^{y) since h £U 
iff X <^ y by definition of <^ 
So and the action is continuous. 

To complete the proof of the theorem, notice that the restriction map defined 
by -0 : cL0(B5) — > cLO(Bs) with ■)/'(<) =< \ Bs is actually a homeomorphism. 
The proof of that fact is easy thanks to the coherence property and is left to the 
reader. It follows that cLO(Bs) can be seen as the universal minimal flow of iso(B5) 
via the action a : iso(B5) x cL0(B5) — > cL0(B5) defined by 

a{g,<) = ^-\il;{<)3). 

Now, observe that if g € iso(B5) and <G cLO(Bs), then 

<<p(9)iBs^{<]Bsy. 

It follows that ^piK'f^s)) ^ ^(<)s and thus a{g,<) = ^j-^^{<y) =<¥'(9). 
Observe also that there is a natural dense embedding ip : iso(Bs) — > iso(B5) 
(recall that iso(B5') is equipped with the pointwise convergence topology coming 
from the discrete topology on B5 whereas iso(B5) is equipped with the pointwise 
convergence topology coming from the metric topology on Bg). 

Now, let X be a minimal iso(B5)-fiow. Since (f is continuous with dense range, 
the action (3 : iso(B5) x X — > X defined by /3{g, x) — f{g) ■ x is continuous with 
dense orbits and allows to see X as a minimal iso(B5)-flow. Now, by one of the 
previous comments, cL0(B5) is the universal minimal iso(B5)-flow so there is a 
continuous and onto tt ; cL0(B5) — > X such that for every g in iso(B5) and every 
< in cLO(Bs), 7r(a(g,<)) = /3(g,7r(<)), i.e. 7r(<'^(9)) = tp{g) ■ 7r(<). To finish 
the proof, it suffices to show that this equality remains true when tp{g) is replaced 
by any h in iso(B5). But this is easy since <p is continuous with dense range, tt 
is continuous, and the actions of iso(B5) on cL0(B5) and X considered here are 
continuous. □ 

We finish with several remarks. The first one is a purely topological comment 
along the lines of the remark following Theorem [37l To show that the underlying 
space related to the universal minimal fiow of iso(B5) is cL0(B5), we used the fact 
that the restriction map ?A : cL0(B5) — > cL0(B5) defined by V'(<) —< \ B5 is a 
homeomorphism. The space cL0(B5) being metrizable, we consequently get: 

Theorem 40. The underlying space 0/ the universal minimal flow of iso{Bs) 
is metrizable. 
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The second consequence is based on the simple observation that when the 
distance set S is {1/n : n E uj \ {0}}, Bg is the Baire space Af. Hence: 

Theorem 41. WhenJ\f is equipped with the product metric, the universal min- 
imal flow of iso{M) is the set of all convex linear orderings on M. 

5.3. Urysohn spaces \Jg. We finish this section on topological dynamics 
with results about the spaces \Jg associated to the classes Ais- When is a subset 
of ]0, +oo[ satisfying the 4-values condition, the class A4™^ is a reasonable Frai'sse 
class. It follows that Flim(A^™^) = (Us,<^^') for some metric linear ordering 
on Us. Furthermore, we saw that Ai'g^ has the Ramsey and the ordering 
properties whenever S has size less or equal to 3. Consequently: 

Theorem 42. Let S be finite subset o/]0,+oo[ of size \S\ ^ 3 and satisfying 
the 4-values condition. Then A\it{Us; <^^) is extremely amenable. 

Theorem 43. Let S be finite subset o/]0, -\-oo[ of size \S\ ^ 3 and satisfying the 
A-values condition. Then the universal minimal flow o/iso( Us) is the set mLO( Us) 
of metric linear orderings on Us together with the action i8o{ Us) x mL0(J75) — > 
mLO{Us), {g,<) I — defined by x <s y iff g-\x) < g-\y). 

6. Concluding remarks and open problems. 

The purpose of this section is to present several questions related to the Ramsey 
calculus of finite metric spaces that we were not able to solve. 

6.1. Classes A4^g^ when \S\ is finite. The first question we would like to 
present concerns the generalization of Theorem[T5]and Theorem[5TJ We showed that 
when iS* is a finite subset of ]0, +oo[ of size \S\ ^ 3 satisfying the 4-values condition, 
the class A^™^ of all finite metrically ordered metric spaces with distances in S 
has the Ramsey property and the ordering property. For \S\ = 4, the verification 
is being carried out. So far, all the results provide a positive answer to: 

Question 0. Let 5 be a finite subset of ]0, +00 [ satisfying the 4-values condi- 
tion. Does the class have the Ramsey property and the ordering property? 
If so, is finiteness of S really necessary? 

Remark. We mentioned after Theorem [351 that extreme amenability results 
can sometimes be proved directly via algebraic methods and may allow to de- 
duce new Ramsey theorems. The classes A^™^ where \S\ ^ 3 and S satisfies 
the 4-values condition provide other illustrations of that fact. For example, the 
group Aut(U{i 2,5}, <^*^-^'^' ) can be seen as a semi-direct product of Aut(Q, <) 
and Aut(7?., <''^)Q where {TZ, <^) is the Frai'sse limit of the class G"^ of all finite 
ordered graphs. The group Aut(Q, <) is extremely amenable because thanks to 
the usual finite Ramsey theorem, the class CO of all the finite linear orderings is a 
Ramsey class (extreme amenability of Aut(Q; <) was originally proved by Pestov in 
[72 ] before '46] and corresponds to one of the very first examples of non-trivial ex- 
tremely amenable groups). On the other hand, the group Aut(72., <^) is extremely 
amenable because G"^ is a Ramsey class. It follows that Aut(U{i 2,5}, <^fi'2''s}) jg 
extremely amenable. The same holds for Aut(U{i 3 gj, <^{i'3.6}), which can be seen 
as a semi-direct product of Aut(7?., and Aut(Q, <)^. Unfortunately there are 
some cases like S — {1,3,4} where such an analysis does not seems to be possible 
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(it is unfortunate because such a generalized phenomenon might have allowed to 
attack the first part of Question by induction on the size of S). 

6.2. Euclidean metric spaces. The second question we would like to present 
is related to a field that we mentioned in chapter 1 but that we did not even touch: 
Euclidean Ramsey theory. To make the motivation clear, let us start with the 
following results in topological dynamics: 

Theorem 44 (Gromov-Milman |33j ). Equipped with the pointwise convergence 
topology, the group iso(S°°) of all surjective isometrics ofS°° is extremely amenable. 

Theorem 45 (Pestov |73j ). Equipped with the pointwise convergence topology, 
the group iso(^2) of all surjective isometrics of £2 is extremely amenable. 

In j73j , Theorem |44] is proved thanks to the same method as the one used to 
prove Theorem l26l This latter result being the consequence of the Ramsey property 
for Mq, it is therefore conceivable that a Ramsey result is hidden behind Theorem 
1441 and and Theorem 1451 Some theorems from Euclidean Ramsey theory seem to 
suggest that there is some hope: Recall that H is the class consisting of all the 
finite afiinely independent metric subspaces of the Hilbert space £2- Let Ki denote 
the unique element of Ti. with only one point. 

Theorem 46 (Frankl-Rodl |23j). Let YeH and k > be inu. Then there is 
a finite metric subspace Z of £2 such that Z — > (y)^\ 

A result of similar flavor holds for the class of S of all elements X of 7i which 
embed isometrically into §°° with the property that {Og^} U X is affincly indepen- 
dent. 

Theorem 47 (Matousek-Rodl [53]). Let Fe 5 and k > be inuj. Then there 
is a finite metric subspace Z ofE>°° such that Z — > ( Y)^"^. 

Recall that we proved in the previous chapter that the classes Tis and Ss when 
S c]0, +oo[ is dense and countable are strong amalgamation classes, and that the 
metric completions of the corresponding Frai'sse limits are £2 and S°° respectively. 
Therefore, Theorem |46] and Theorem |47] may be seen as the first steps towards 
general Ramsey theorems about Euclidean metric spaces. However, the difficulty 
posed by the combinatorics of those spaces has so far kept us away from any progress 
in this direction. This may not be so surprising to the combinatorialist: Euclidean 
Ramsey theory is a well-known source of difficult problems. For example, following 
Graham in [29], say that a finite metric subspace of £2 is spherical if it can be 
embedded into a sphere (of finite radius). A known result due to Erdos, Graham, 
Montgomery, Rothschild, Spencer and Straus, asserts that: 

Theorem 48 (Erdos et al. |14j). Let Y be a finite metric subspace of £2 
such that for every k > in lu, there is a finite metric subspace Z of £2 such that 
Z — > (y)^\ Then Y is spherical. 

On the other hand, knowing whether the converse of this theorem holds or 
not is probably the most important open problem in Euclidean Ramsey theory. 
Following the tradition initiated by Erdos, there is even a $1000 reward for the 
solution! Note that Theorem |46] quoted above provides a partial result towards a 
positive answer. 
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Another very similar open problem asks for a characterization of those finite 
metric subspaces Y of (.2 for which for every strictly positive k ^ oj there is a finite 
spherical Z such that Z — > (Y)^\ A strong version of Theorem |47] actually says 
that every affinely independent Y has this property, but to our knowledge this is 
the only known case so far. 

As for the problems we are interested in, they look slightly different, but still 
may be subject to the same kind of difficulties. In particular, we are able to prove 
that the metric space Z from Theorem |46] and Theorem [47| can be constructed so 
as to stay in the relevant class (meaning Tis or Ss) but cannot show that we can 
work with ordered metric spaces instead of Y and Z. The kind of linear orderings 
to be considered is consequently unclear, even though the results of the previous 
sections strongly suggest that the class of all linear orderings is the most relevant 
one. We state all these guesses precisely: 

Question 1. Let S" be a dense subset of ]0, +oo[. Is the class TC^ consisting 
of all the finite ordered afhnely independent metric subspaces of the Hilbert space 
£2 with distances in 5* a Ramsey class (such a result would be, in some sense, a 
generalization of Theorem I46p? Does it have the ordering property? 

Question 2. Same question with the class Sg of all finite ordered X of 
with distances in S and which embed isometrically into §°° with the property 
that {0^2} U X is affinely independent (such a result would, in turn, provide a 
generalization of Theorem |47| . 



CHAPTER 3 



Big Ramsey degrees, indivisibility and oscillation 

stability. 

1. Fundamentals of infinite metric Ramsey calculus and oscillation 

stability. 

Recall that given a Fraisse class JC of i-structures and X G /C, the Ramsey 
degree IkO^) of X in /C is defined when there is Z G w such that for any Y G /C, 
and any fc G \ {0}, there exists Z G /C such that: 

In this case, t/c(X) is simply the least such I. Equivalently, if F denotes the 
Fraisse limit of /C, X admits a Ramsey degree in /C when there is Z G w such that 
for any Y G /C, and any k E u; \ {0}, 

If this latter result remains valid when Y is replaced by F, we say, following 
[46], that X has a big Ramsey degree in K.. Its value Tj<;(X) is the least I G uj such 
that 

The notion of big Ramsey degree can be seen as a generalization of the notion 
of indivisibility. F is indivisible when for every strictly positive k € lo and every 
X '■ F — > fc, there is F C F and isomorphic to F on which x is constant. When 
/C is a class of finite metric spaces, F is the Urysohn space associated to K. and it 
is indivisible when given every strictly positive fc G w and every x ■ F — ^ k, there 
is an isometric copy F of F included in F on which x is constant. It turns out 
that as pointed out in [9], the notion of indivisiblity is too strong a concept to be 
studied in a general setting. For example, as soon as a complete separable metric 
space X is uncountable, there is a partition of X into two pieces such that none 
of the pieces includes a copy of the space via a continuous 1 — 1 map. This is the 
reason for which relaxed versions of indivisibility were introduced. If X = {X, d^) 
is a metric space, Y C X and e > 0, set 

{Y)e = {xeX:3yeY d^{x, y) ^ e} 

Now, say that X is e-indivisible when for every strictly positive fc G a; and 
every x '■ X — > fc, there is i < fc and X C X isometric to X such that 

Xc(^W)e. 

Equivalently, X is e-indivisible when for every finite cover 7 of X there is A G 7 
and X C X isometric to X such that 

X c {A)e. 

73 
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When X is e- indivisible for every e > 0, X is approximately indivisible. When 
X is complete and ultrahomogeneous metric space, this notion corresponds to the 
notion of oscillation stability introduced in [46' . To present this concept, we start 
with a short reminder about uniform spaces. Given a set X , a uniformity on X 
is a collection U of subsets oi X x X called entourages satisfying the following 
properties: 

(1) U is closed under finite intersections and supersets. 

(2) Every V £U includes the diagonal A = {{x, x) : x E X}. 

(3) eU, then V'^ := {(y, x) : (x, y) e V} e U. 

(4) If F e there exists U <£U such that 

UoU := {{x, z):3yeU {{x, y) e U and (y, z) G U)} C V. 

{X,IA) is then called a uniform space. A basis for hi is & family B <Z hi such 
that for every U,V ehi, there is W & B such that W CU nV. 

Every uniform space {X,hi) carries a structure of topological space (X,Tif) by 
declaring a subset O of X to be open if and only if for every x in O there exists an 
entourage V such that {y £ X : {x,y) £ V} is a subset of O. {X,hi) is separated 
when {X,Ti() is, or equivalently when f]hi = A. A sequence {xn)ni=uj of elements 
of X is Cauchy when 

yV £U 3N £ ujyp,q £ LU {q^ p^ N ^ {xg,Xp) £V) 

and {X,hi) is complete when every Cauchy sequence in {X,hi) converges in {X, Tu). 
Uniform spaces constitute the natural setting where uniform continuity can be 
defined: Given two uniform spaces {X,hi) and {Y,V), a map / : X — > Y is 
uniformly continuous when 

yV£V3U£U V(x, y)£XxX {{x, y) £ U ^ {f{x), f{y)) £ V). 

When additionally / is bijective and f~^ is uniformly continuous, / is called a 
uniform homeomorphism. Given a separated uniform space {X,U), there is, up to 
uniform homeomorphism, a unique complete uniform space {X,hi) including {X,hi) 
as a dense uniform subspace, called the completion of {X,hi). In what follows, we 
will be particularly interested in uniform structures coming from topological groups. 
In particular, for a topological group G, the left uniformity hiL{G) is the uniformity 
whose basis is given by the sets of the form Vl = {{x,y) : x^^y £ V} where ^ is a 
neighborhood of the identity. Now, let denote the completion of {G,hiL{G)). In 
general, G^ is not a topological group (see jlOj ). However, it is always a topological 
semigroup (see [SSj . For a real- valued map / on a set X, define the oscillation of 
/ on X as: 

osc(/) = sup{|/(y) - /(a;)| ■.x,y£ X}. 

Definition 5. Let G be a topological group, f : G — > R be uniformly con- 
tinuous, and f be the unique extension of f to G^ by uniform continuity, f is 
oscillation stable when for every e > 0, there is a right ideal X C G^ such that 

osc(/ \X)<e. 

Definition 6. Let G be a topological group acting G continuously on a topo- 
logical space X . For f : X — > R and x £ X , let fx : G — > R be defined by 
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Then the action is oscillation stable when for every f : X — > M bounded 
and continuous and every x € X , fx is oscillation stable whenever it is uniformly 
continuous. 

With these concepts in mind, we are now ready to link oscillation stability to 
the Ramsey-type properties introduced previously: It turns out that when G is 
the group iso(X) of all isometries from X onto itself equipped with the pointwise 
convergence topology, can be thought as a topological subsemigroup of the 
topological semigroup Emb(X) of all isometric embeddings from X into itself. 

Theorem 49 (Kechris-Pestov-Todorcevic [46], Pestov [74], [75]). Let G be a 
topological group acting continuously and transitively on a complete metric space X 
by isometries. Then the following are equivalent: 

(1) The action of G on X is oscillation stable. 

(2) Every bounded real-valued 1-Lipschitz map f on X is oscillation stable. 

(3) For every strictly positive k ^ uj, every x : X — > fc and every e > 0, there 
are g £ G^ and i < k such that g" X C (x{i})e. 

When one of those equivalent conditions is fuUfillcd, X is oscillation stable. In 
addition, one can check that when the metric space X is ultrahomogcneous, then 
G^ is actually equal to Emb(X). For that reason, in the realm of ultrahomogeneous 
metric spaces the previous theorem can be stated as follows: 

Corollary 1. For a complete ultrahomogeneous metric space X, the following 
are equivalent: 

(1) When iso(X) is equipped with the topology of pointwise convergence, the 
standard action o/iso(X) on X is oscillation stable. 

(2) For every bounded 1-Lipschitz map f : X — > M and every e > 0, there is 
an isometric copy X of X in X such that 

osc(/ \X)<e. 

(3) X is approximately indivisible. 

In particular, for complete ultrahomogeneous metric spaces, oscillation stability 
and approximate indivisibility coincide. In the more general context of structural 
Ramsey theory, big Ramsey degrees and oscillation stability for topological groups 
are also closely linked. For more information about this connection, see [46] , section 
11(E), or the books jll], [75] . 

Remark. Though quite close in essence, the concept of oscillation stability 
presented here is, except in the notable case of the Hilbert space, not the same as 
the classical concept of oscillation stability used in Banach space theory. For more 
details, see the remark at the end of the introduction of section [U 

This chapter is organized as follows. In section 2, we cover the only case 
for which the analysis of the big Ramsey degree can be carried out: Ultrametric 
spaces. In section 3, we study the indivisibility properties of the countable Urysohn 
spaces. We finish in section 4 with a solution of the oscillation stability problem 
(equivalently, of the approximate indivisiblity problem) in two particular cases: The 
complete separable ultrahomogeneous ultrametric spaces and the Urysohn sphere. 
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2. Big Ramsey degrees. 

In this section, we present the only case where we were able to provide a 
complete analysis for the big Ramsey degree: Ultrametric spaces. 

Theorem 50. Let S be a finite subset of ]0, +oo[. Then every element of Us 
has a big Ramsey degree in Us ■ 

Theorem 51. Let S be an infinite countable subset o/]0, +oo[ and let X be in 
Us such that \X\ ^ 2. Then X does not have a big Ramsey degree in Us- 

The ideas we use to reach this goal are not new. The way we met them is 
through some unpublished work of Galvin, but in [60j . Milner writes that they 
were also known to and exploited by several other authors, among whom Hajnal 
(who apparently realized first the equivalent of lemma [T2] and stated it explicitly 
in go]), and Haddad and Sabbagh f[34]. [35] and [36]). 

Recall that when S is finite and given by elements sq > si . . . > S|s|-i > 0, 
it is convenient to see the space B5 as the set w''^' of maximal nodes of the tree 
u;^\s\ — Ui^isi ordered by set-theoretic inclusion and equipped with the metric 
defined for x ^ y by 

d{x,y) = SA{x,y) 

where 

A{x,y) ^ min{fc < IS-] - 1 : s{k) ^ t{k)}. 
For A C Lu^^^, set 

= {a \ k : a € A and k ^ n}. 

It should be clear that when A,B G cj'"^', then A and B are isometric iff 
^ bK Consequently, when X g Us, one can define the natural tree associated 
to X in Us to be the unique (up to isomorphism) subtree Tx of oj^l'^l such that 

for any copy X of X in B5, X^ = Tx- 
Given a subtree T of a;!'^', set 

("^t") ={T:TCc^^l^l andT^T}. 

When k,l £ uj \ {0} and for any X ■ \ t ) — * ^ there is U G (^^isi) such 
that X takes at most / values on (1?^) , we write 

If there is Z G u; \ {0} such that for any fc e w \ {0}, w^l'^' — > (w^l'^l)^;, the 
least such I is called the Ramsey degree of T in cj^'"^' . 

Lemma 13. Let X C a;''^' and let T = XK Then T has a Ramsey degree in 
w^l-^l equal to \e{T)\. 

Proof. Say that a subtree U of w'*'"^' is expanded when: 

(1) Elements of U are strictly increasing. 

(2) For every -u, u e U and every k G \S\, 

u(k) ^ v(k) ^ (Vj ^ k u{j) + v{j)). 
Note that every expanded T e ('^^ ') is linearly ordered by -<'^ defined by 

s ^* t iff (s = or s{\s\) < t{\t\)). 
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Note also that then is a hnear extension of the tree ordering on T. Now, 
given e(T), let ("^^ ) denote the set of all expanded T e ('^^ ) with type 
^, that is, such that the order-preserving bijection between the linear orderings 
(T,-<'^) and (T, ^) induces an isomorphism between the trees T and T. Define 
the map : ("^^''') ^1^1-1 by 

V'^(T) = {t(|t|):teTx{0}}. 

Then tp^ is a bijection. Call ip^ its inverse map. Now, let fc S a; \ {0} and 
^ : (-^^^') k. Define A : Ml^l^i ^ fc^W 

A(M) = (x(¥'^(M)))^ee(T). 

By Ramsey's theorem, find an infinite N C uj such that A is constant on 
[7\r]|T|-i^ Then, on the subtree TV^I'^' ofo;^''^!, any two expanded elements of ("^ ) 
with same type have the same x-color. Now, let U be an expanded everywhere 
infinitely branching subtree of A^^I'^L Then U is isomorphic to cj^l"^! and x does 
not take more than |e(T)| values on (I^). 

To finish the proof, it remains to show that |e(T)| is the best possible bound. 

<|S| 

To do that, simply observe that for any U e ( <\s\), every possible type appears 
on (U). □ 

This lemma has two direct consequences concerning the existence of big Ramsey 
degrees mUs- Indeed, it should be clear that when X e Zisi X has a big Ramsey 
degree in Us iff Tx has a Ramsey degree in cj^l-^l and that these degrees are equal. 
Thus, Theorem [50l follows . 

On the other hand, observe that if S" C S" are finite and X e Us has size at 
least two, then the big Ramsey degree Tu^, (X) of X in Us' is strictly larger than 
the big Ramsey degree of X in Us- In particular, Tu^,(X.) tends to infinity when 

tends to infinity. That fact can be used to prove Theorem [STl 

Proof of Theorem EH It suffices to show that for every k e uj\ {0}, there 
is k' > k and a coloring x ■ (^) — * ^' such that for every B G (g^) , the restriction 
of X on (x) range k' . Thanks to the previous remark, we can fix S" C S" finite 
such that X e Us' and the big Ramsey degree k' of X in Us' is larger than k. Recall 
that B5 C u!^ so if I5' : S — > 2 is the characteristic function of S", it makes sense 
to define / : Bg — > B5/ by 

f{x) = Is'X. 

Observe that d{f(x),f{y)) = d{x,y) whenever d{x,y) £ S' . Thus, given any 
B e (b^), the direct image f'B of B under / is in (^^;). Now, let x' : (^^) — > k' 

be such that for every B' e (g^^), the restriction of x' to (x) has range k' . Then 
X = x' o / is as required. □ 

3. Indivisibility. 

As stated in the introduction of this chapter, indivisibility corresponds to the 
most elementary case in the analysis of the big Ramsey degrees, so one might 
wonder why the part of this paper devoted to indivisibility is much larger than 
the one about big Ramsey degrees. Here is the reason: With the exception of 
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ultrametric spaces, the obstacles posed by indivisibility are in most of the cases 
substantial enough for many problems to remain open. Fortunately, there were 
also some recent progress, in particular thanks to the paper 9 by Delhomme, 
Laflamme, Pouzet and Sauer where a detailed analysis of metric indivisibility is 
carried out. For example, we already mentioned a general observation from [9J in 
the introduction: No uncountable complete separable metric space is indivisible. 
Here is another restriction to indivisibility: 

Proposition 19. Let X he a metric space whose distance set is unbounded. 
Then X is divisible. 

Proof. We follow [9j. Observe that inductively, we can construct a sequence 
of reals {rn)neuj with tq = together with a sequence of elements of X 

such that 

Vn <uj 2r„ < d^(xo,x„+i) < r„+i - r„. 
Now, define x ■ ^ — * 2 by setting: 

Vx e X x{x) =0^1 d-^{xQ,x) G [J [r2n,r2n+l[ J • 

We claim that x divides X: Let ip : X — > X be an isometric embedding. 
Let n E uj he such that d'^{xo,(p{xQ)) E [fn,fn+i[- Then one can check that 
d^{xo,ifi{xn+2)) G [r„+i,r„+2[, and so x{f{xo)) ^ x{v'{x,i+2))- □ 

It follows that even if we restrict our attention to the Urysohn spaces associated 
to the Frai'sse classes of finite metric spaces, some spaces may have a trivial be- 
haviour as far as indivisibility is concerned. For example, Uq and XJoj are divisible. 
However, we will see that when the two obstacles of cardinality and unboundedness 
are avoided, indivisibility can be substantially more difficult to study. During the 
past three years, the space whose indivisibility properties attracted most of the 
attention is Sq. The question of knowing whether Sq is indivisible or not is ex- 
plicitly stated in [63], [74j and |75| . This problem was solved in JSP by Delhomme, 
Laflamme, Pouzet and Sauer, and we present their result in subsection 13. II In sub- 
section I3.2| we present the first results concerning indivisibility of the spaces Um 
when m E UJ. The general solution is then presented in 13.31 In 13.41 we consider the 
case of the countable ultrahomogeneous ultrametric spaces before turning to the 
study of indivisibility for the spaces U5 with \S\ ^ 4 in subsection 13.51 

3.1. Divisibility of Sq. Apart from the intrinsic combinatorial interest, the 
motivation attached to this problem comes from the problem of the approximate 
indivisibility for the Urysohn sphere S. Indeed, had Sq been indivisible, S would 
have been approximately indivisible and the standard action of iso(S) on S would 
have been oscillation stable. We will however see now that the actual answer for 
the indivisibility problem for Sq is not the one that was hoped for. All the concepts 
and results presented in this subsection come from ^ and are due to Delhomme, 
Laflamme, Pouzet and Sauer. 



Theorem 52 (Delhomme-Laflamme-Pouzet-Sauer [9]). Sq is divisible. 
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Proof. Call a sequence of elements xo, ■ ■ ■ , 3Cn of Sq an s-chain Jroui xq to Xn 
if for every i < n, d^'i{xi, Xi+i) ^ e. The key idea is the following simple geometrical 
fact: Let y G Sq, r G [0, 1] irrational, x G Sq and n Cz uj strictly positive such that 

d^«(?/,x) < r • ( 1 - ^ 



n+1 



Let also x' G Sq be such that 

d^«(x,x') > r. 

Finally, let e > be such that 

1 



e < 



(n + l)(n + 2)' 

Then for every e-chain (xi)i^„ from x to x' , there is i ^ n such that 



71+1/ V "- + 2, 

With this fact in mind, we now prove that Sq is divisible. First, construct 
inductively a subset Y of Sq together with a family {ry)y^Y of irrationals in ]0, l/2[ 
such that 

Vx G Sq aij/j. G F dP"^{y^,x) < r^. 
Now, let X ■ Sq — s- 2 be defined by 

X(a^) - ^ > r,^. (l " ^) d^n2/x,a:) < r,^. (^1 - 

We claim that x divides Sq. Indeed, let Sq be an isometric copy of Sq in Sj; 
Fix X G Sq, and consider n > such that 

1--] ^d^'i{y,,x) <ry^- (l- ^ 



nj »x y n + 1 

In Sq, there is x' such that o?^^(x, x') > r^^. Fix e > with 

1 



e < 



(n + l)(n + 2)' 

Then in Sq, there is an e-chain (xi)i<j„ from x to x'. But by the previous 
property, there is i ^ n such that 

r- (l-^— ) <d^(y,xO<r. ( 1 - ^ 
Then x{x) ^ x{xi)- □ 

Theorem[52]is actually only a particular case of a more general result which can 
be proved using the same idea. For a metric space X, x G X, and e > 0, let Ae(x) 
be the supremum of all reals I ^ 1 such that there is an e-chain (xi)i^„ containing 
X and such that cP^{xo, x„) ^ I. Then, define 

A(x) = sup{l G M : Ve > X,{x) ^ /}. 
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Theorem 53 (Delhomme-Laflamnie-Pouzet-Sauer 9 ). Let X be a countable 
metric space. Assume that there is xo € X such that A(a::o) > 0. Then X is divisible. 

Theorem 1521 then follows since in Sq every x is such that X{x) = 1. 

3.2. Are the U„i's indivisible? We mentioned earlier that Uq is divisible 
because its distance set is unbounded. We also saw in the previous subsection 
that unboundedness is not the only reason for this phenomenon as the bounded 
counterpart Sq of Uq is not indivisible either. In this subsection, we try to answer 
the same question when Uq is replaced by U^^. This latter space is divisible because 
its distance set is unbounded. However, what if one works with one of its bounded 
versions, namely a space of the form U^ when m e lu7 Of course, when to = 1, 
the space U^ is indivisible. The first non-trivial case is consequently for m — 2. 
However, we mentioned in chapter 1 that U2 is really the Rado graph TZ where 
the distance is 1 between connected points and 2 between non-connected distinct 
points. Therefore, indivisiblity for U2 is equivalent to indivisibility of TZ, a problem 
whose solution is well-known: 

Proposition 20. The Rado graph TZ is indivisible. 

Proof. Let fc e w be strictly positive and x ■ — * Let {xn : n G w} 
be an enumeration of the vertices of TZ. If all vertices have color 0, we are done. 
Otherwise, choose xq such that xi^o) = 0. In general, assume that ig, . . . , in were 
constructed with x-color and such that 

yi,j < n {Xi,Xj} e ^ {xi,Xj} e £^^. 

Now, consider the set E defined by 

= {a; e 7^ : Vi ^ n {{ii,x} ^ E'^ ^ {xi,Xn+i} E E'^)} \ {xq, . . . ,x„}. 

If X does not take the value on E, observe that the subgraph of TZ supported 
by E is ultrahomogeneous and includes an isomorphic copy of every finite graph. 
Therefore, this subgraph is isomorphic to TZ itself and x is constant on it with value 
1, so we are done. Otherwise, x takes the value on £^ and we choose Xn+i in E 
and such that xi^n+i) = 0. Thus, if the construction stops at some stage, then we 
are left with a copy of TZ with x-color 1. Otherwise, after uj steps, we are left with 
{xn : n (z Lu} isomorphic to TZ and with ^-color 0. □ 

Another possible proof for the indivisibility of TZ uses a Ramsey-type theorem 
known as Milliken's theorem. This result will be useful later in this paper to prove 
that Urysohn spaces more sophisticated than U2 are indivisible, so we present it 
now. The main concept attached to Milliken's theorem is the concept of strong 
subtree: Fix a downwards closed finitely branching subtree T of the tree uj^'^ with 
height Lu. Thus, T has a root (a smallest element), namely, the empty sequence, 
and the height of a node i e T is the integer |t| such that t : \t\ — > oj. Say that a 
subtree S of T is strong when 

i) S is rooted, 

ii) Every level of S is included in a level of T, 

iii) For every s d S not of maximal height in S and every immediate successor 
t of s in T there is exactly one immediate successor of s in S extending t. 
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For s,t g T, set 

s At — maxju e T : m C s, u d t}. 
Now, for A C T, set 

= {s At : s,t € A}. 

Note that A C A^ and that A'^ is a rooted subtree of T. For A,B(lT, write 
AEmB when there is a bijection / : A^ — > such that for every s,t E A^: 

i) s(Zt^ f{s) C fit), 

ii) |s|<K|-|/(.)|<|/WI, 

iii) seA^ f{s) e B, 

iv) t{\s\) = /(i)(|/(.s)|) whenever |s| < \t\. 

It should be clear that the relation Em is an equivalence relation. Given A C T, 
the Em-equivalence class of A is written [A] Em- Finally, for a strong subtree S of 
T, let [AJeiii I" S denote the set of all elements of [AJeih included in S. With these 
notions in mind, the version of Milliken's theorem we need can be stated as follows: 

Theorem 54 (Milliken [58] ). Let T be a nonempty downwards closed finitely 
branching subtree T o/w^" with height uj. Let A be a finite subset of T. Then for 
every strictly positive k £ uj and every k-coloring of [^Jeiiu there is a strong subtree 
S of T with height uj such that [A]Em \ S is monochromatic. 

For more on this theorem and its numerous applications, the reader is referred 
to |90j . We now show how to deduce proposition [20] from Theorem l54] 

Proof. Let T be the complete binary tree 2<". On T, define the following 
graph structure (sometimes called the standard graph structure on 2<'^) by: 

Vs < i e 2<'^ {s,t} eE^ {\s\ < \tl t{\s\) = 1). 

Now, observe that TZ embeds into the corresponding resulting graph. Indeed, 
let {xn : n e w} be an enumeration of the vertices of TZ. Set to = 0. In general, 
assume that tg, . . . , t„ were constructed such that \ti\ = i for every i and 

Vi,j ^ n ({t„tj} eE^ {x„Xj} e E'^). 

Choose tn+i G 2<" with height n + 1 and such that 

Vfc < n tn+iii) = 1 ^ {xk,Xn+i} e E''^. 

Then after uj steps, we are left with {tn : n € uj} isomorphic to TZ. In fact, 
observe that this construction can be carried out inside any strong subtree S of 
T. On the other hand, it follows that TZ is indivisible iff (2<'^,_B) is. But now, 
indivisibility of (2<'^,i?) is guaranteed by Milliken's theorem: Let A denote any 
1-point subset of 2<'^. Then [^]Em is simply 2<" itself. So given k E uj strictly 
positive and a coloring x '■ 2^^^ — > k, one can find a x-monochromatic strong 
subtree S of 2^'^. The subgraph of (2<'^,i5) supported by S being isomorphic to 
(2<'^, E) itself, S provides the required x-monochromatic copy of (2<", i?). □ 

The following case to consider is U3, which turns out to be another particular 
case. As mentioned already in chapter 1, U3 can be encoded by the countable 
ultrahomogeneous edge-labelled graph with edges in {1, 3} and forbidding the com- 
plete triangle with labels 1,1,3. The distance between two points connected by an 
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edge is the label of the edge while the distance between two points which are not 
connected is 2. This fact allows to show: 

Theorem 55 (Delhomme-Laflamnie-Pouzet-Sauer [9]). is indivisible. 

The proof of this theorem can be deduced from the proof of the indivisibility 
of the K„-free ultrahomogeneous graph by El-Zahar and Sauer in [llj . We do not 
provide the details here but mention few facts which will be useful for us later in 
subsection 13.51 The presentation we adopt follows '9' . Fix a relational signature 
L and consider an L-structure H. A nonempty subset O of iJ is an orbit if it is 
an orbit for the action of the automorphism group Aut(H) on H which pointwise 
fixes a finite subset of H. Now, given two L-structures R and S, write R ^ S when 
there is a partition of R into finitely many parts Rq, . . . , Rn such that for every 
i ^ n, Hi embeds into S. The following theorem follows from results in [13| and 
[85j . For the definition of free amalgamation see chapter 2 of the present article, 
subsection on Nesetfil's theorem. 

Theorem 56 (El-Zahar - Sauer [13], Sauer [85]). Let L be a finite binary sig- 
nature and H a countable ultrahomogeneous L-structure whose age has free amal- 
gamation. Then H is indivisible iff any two orbits of H are related under -< . 

It follows that to prove that U3 is indivisible, it suffices to show that the 
countable ultrahomogeneous edge-labelled graph with edges in {1, 3} and forbidding 
the complete triangle with labels 1,1,3 satisfies those conditions, which in the 
present case is easy to check. We will see later that this method is actually useful 
in many cases. However, it does not allow to solve all the indivisibility problems 
that we are interested in. In particular, the indivisibility problem for Um when 
m ^ 4 is still, at that stage, left open. The purpose of the following section is to 
fill that gap. 

3.3. The U.,„'s are indivisible. In the present section, we show that: 
Theorem 57 (NVT-Sauer [70]). Let m e oj, m ^ 1. Then Um is indivisible. 

The basic methods used in the proof have been developed in the sequence of 
papers [11) , [12) , [84) , [13) , |85) dealing with partition results of countable ultraho- 
mogeneous structures with free amalgamation. However, because the spaces U„i do 
not enter the framework provided by free amalgamation, substantial modifications 
were needed to prove Theorem 1571 

The proof is organized as follows. In section 13.3.11 and I3.3.2[ the essential 
ingredients, the main technical results (Lemma [15] and Lemma [T6| as well as the 
general outline of the proof of Theorem [57] are presented. Finally, the proof of 
Lemma [T5] is presented in l3.3.3ll3.3.8l 

3.3.1. Katetov maps and orbits. We start with a reminder about Katetov maps. 
Those objects were already defined in Chapter 1, section [1] but because of their 
omnipresence in the following pages, a bit of repetition will not harm. Recall that 
given a metric space X = (X, d-^), a map / : X — >]0,+oo[ is Katetov over X 
when 

Vx,2/eX, \f{x)~ f{y)\^d^{x,y)^f{x) + f{y). 
Equivalently, one can extend the metric to X U {/} by defining, for every 
x^y in X, d-^{x,f) = f{x) and d-^(x,y) = d-^{x,y). The corresponding metric 
space is then written X U {/}. 
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The set of all Katctov maps over X is written £^(X). For a metric subspace X 
of Y, a Katetov map / G E{^) and a point ?/ G Y, then y realizes f over X if 

VxgX d^{y,x)= f{x). 

The set of all y G Y realizing / over X is then written 0{f,Y) and is called 
the orbit of f in Y. When Y is clear from the context, the set 0(/, Y) is simply 
written 0{f). Again, the concepts of Katetov map and orbit are relevant because 
of the following standard reformulation of the notion of ultrahomogeneity, which 
will be used extensively in the sequel: 

Lemma 14. Let X be a countable metric space. Then X is ultrahomogeneous 
iff for every finite subspace F (Z X and every Katetov map f over F, if FU {/} 
embeds into X, then 0{ f, X) ^ $. 

3.3.2. A notion of largeness. In this section, p is a fixed strictly positive integer. 

Definition 7. The set P is the set of all ordered pairs of the form s = (/s, Cg) 
where 

(V C.G(^;;). 

(2) fs is a map with finite domain dom/g C Cs and with values in {1, . . . 

(3) fs G i?(dom/s), ie fs is Katetov on its domain. 

The set P is partially ordered by the relation ^ defined by 

Vs, i G P t ^ s ^ (dom/s C domft C Ct C Cg and ft \ dom/s fs) . 

Finally, if k d u, then t s stands for 

. ( min fs - k if min fs > k, 

t s and mm ft = { -, ,, 

I 1 otherwise. 

Observe that if s G P, then the ultrahomogeneity of Up ensures that the set 
0(/s, Cs) is not empty and isometric to U„ where n — min(2 min/s,p) (indeed, 
0{fs, Cs) is countable ultrahomogeneous with distances in {1, . . . , n} and embeds 
every countable metric space with distances in {1, . . . , n}). Observe also that there 
is always a < G P such that t s. Observe finally that unlike the relations ^ and 
^0, the relation sjfc is not transitive when k > Q. 

Definition 8. Let s G P and T C Up. The notion of largeness of F relative 
to s is defined recursively as follows: 

If mm fs — 1, then F is large relative to s iff 

\ft ^0 s {0{ft, Ct) n F is infinite) . 

If mm fs > 1, then F is large relative to s iff 

yt ^0 s 3u t (F is large relative to u) . 

The idea behind the definition of largeness is that if F is large relative to s, 
then inside Cs the set F should represent a substantial part of the orbit of . This 
intuition is made precise by the following Lemma fT5] 

Lemma 15. Let s G P. Assume that F is large relative to s. Then there exists 
an isometric copy C of Up inside Cs such that: 

(1) dom/s C C. 

(2) 0(/s, CO C F. 
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In words, Lemma 1151 means that by thinning up Cg, it is possible to ensure 
that the whole orbit of fs is included in F. The requirement dom/s C C guarantees 
that the orbit of fs in the new space has the same metric structure as the orbit of 
fs in the original space. The proof of Lemma [151 represents the core of the proof of 
Theorem [57] and is detailed in section 13.3.31 The second crucial fact about P and 
largeness lies in: 

Lemma 16. Let s £ ¥ be such that T is not large relative to s. Then there is 
t ^0 s such that Up \T is large relative to t. 

Proof. We proceed by induction on min/^. If min/s — 1, then there is t s 
such that 

0(/t,Ct)nr is finite. 

It is then clear that Up \ F is large relative to t. On the other hand, if 
min/s > 1, then there is t s such that 

Vw ^1 i F is not large relative to w. 

We claim that Up \ F is large relative to t: let u t. We want to find v u 
such that Up\F is large relative to v. Let w u. Then w t and it follows that F 
is not large relative to w. By induction hypothesis, since min /„, < min /„ = min ft 
there is v w such that Up \ F is large relative to v. Additionally v u. Thus 
V is as required. □ 

When combined. Lemma [15] and Lemma [16] lead to Theorem [57] as follows: 
Take p = m and consider a finite partition 7 of Um- Without loss of generality, 7 
has only two parts, namely 11 and fl. Fix t e¥ such that min/f = m. According 
to Lemma [TBI either 11 is large relative to t or there is u s such that is large 
relative to u. In any case, there are s € {<, u} and F S {11, f2} such that min fs=m 
and F is large relative to s. Applying Lemma [T5] to s, we obtain a copy C of 
U„i inside such that dom/^ C C and 0{fs,C) C F. Observe that 0(/s,C) is 
isometric to Um- D 

The remaining part of the proof is therefore devoted to a proof of Lemma [151 

3.3.3. Proof of Lemma [TEl general strategy. From now on, the integer p > 
is fixed together with F C Up. We proceed by induction and prove that for every 
strictly positive m g w with m ^ p the following statement J7m holds: 

J7m ■ "For every s e P such that min fs = m, if F is large relative to s, then 
there exists an isometric copy C of Up inside such that: 

(1) dom/, C C. 

(2) 0(/„C)cF." 

The proof is organized as follows. In subsection 13. 3. 4[ we show that the state- 
ment J7m is equivalent to a stronger statement denoted Hm- This is achieved thanks 
to a technical lemma (Lemma [TS]) about the structure of the orbits in Up and whose 
proof is postponed to subsection l3.3.8l In subsection 13. 3. 51 we initiate the proof by 
induction and show that the statement J7i holds. We then show that if Tij holds 
for every j < m, then J7m holds. The general strategy of the induction step is 
presented in subsection l3.3.6l while [373771 provides the details for the most technical 
aspects. 
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3.3.4. Reformulation oj Sfm- As mentioned previously, we start by reformu- 
lating the statement J7m under a form which will be useful when performing the 
induction step. Consider the following statement, denoted TLm'- 

Tim ■ " For every s g P and every F C dom/s such that min fg ] F ^ niin fg — 
rn, if r is large relative to s, then there exists an isometric copy C of Up inside 
such that: 

(1) dom/s n C = F. 

(2) Oifs \F,C)C r." 

The statement J7m is clearly implied by Tim- Simply take F — dom/^. The 
purpose of the following lemma is to show that the converse is also true. 

Lemma 17. The statement Jm implies the statement Tim. 

Proof. Our main tool here is the following technical result, whose proof is 
postponed to section [3.3.81 

Lemma 18. Let Go G G be finite subsets of Up, G a family of Katetov maps 
with domain G and such that for every g,g' S Q: 

max(|5 - g'\ \ Go) = max \g - g'\, 

min((5 + g') \ Go) = min(.g + g'). 
Then there exists an isometric copy C of Up inside Up such that: 

(1) GnC= Go- 

(2) ygeg 0{g [ Go, CO C 0{g, Up). 

Assuming Lemma [TSl here is how Jm implies 7i,„: Let s and F be as in the 
hypothesis of TLm- Apply J^rn to s to get an isometric copy C of Up inside Cs 
such that dom/s C C and 0(/s,C) C F. Apply then Lemma [T51 inside C to 
F C dom/s and the family {f^} to get an isometric copy C of Up inside C such 
that dom/s n C = F and 0(/s \ F,C) <Z 0(/s, C). Then C is as required. □ 

3.3.5. Proof o/ J7i. Consider an enumeration {x„ : n e of Cs admitting 
dom/s as an initial segment. Assume that the points (/^(xo), . . . , (/3(x„) are con- 
structed so that: 

• The map is an isometry. 

• ip \ dom/s = i'^dom/, ■ 

• ^pixk) G F whenever p}{xk) realizes fg over dom/s. 

We want to construct Lp[xn+i). Consider h defined on {Lp{xk) : /c ^ n} by: 

yk^n h{Lp{xk)) ^ d^'{xk,Xn+i)- 

Observe that the metric subspace of Cs given by {xk : /c ^ n -f 1} witnesses 
that h is Katetov. It follows that the set of all y € Cs \ dom/s realizing h over 
{ip{xk) : fc ^ n} is not empty and ip{xn+i) can be chosen in that set. Additionally, 
observe that if h \ dom/s = fs , then the fact that min /s = 1 and F is large relative 
to s then guarantees that h can be realized by a point in F. We can therefore choose 
ip{xn+i) to be one of those points. After lo steps, the subspace C of Cs supported 
by {ip{xn) : n G Lj} is as required. □ 
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3.3.6. Induction step. Assume that the statements J7i . . . J7m_i, and therefore 
the statements Hi . . - Hm-i hold. We are going to show that Jm holds. So let 
s e P such that niin fs — m and T is large relative to s. To make the notation 
easier, we assume that s is of the form (/, Up) and we write F instead of dom/. 
We need to produce an isometric copy C of Up inside Up such that F C C and 
0{f, C) C r. This is achieved inductively thanks to the following lemma. Recall 
that for metric subspaces X and Y of Up and £ > 0, the sets (X)^ and (^j ) are 
defined by: 

(X), = {yeVp:3xeX d^-{v,x) e}, 
(up)^{^cY:U^Up}. 

Lemma 19. Let X he a finite subspace of Up and A e (^'') such that: 
(i) FcXcA. 
(U) iX)„^_,nOif,A)cT. 

(Hi) yg G E{X) g \ F = f \ F (T is large relative to (g, A)). 

Then for every h e E{X), there are B e (^) and X* e -B realizing h over X 
such that: 

(i') FC {XU{x*})cB. 

(n') (xuK}L_ino(/,B)cr. 

(Hi') V.g e E{XU {x*}) g ] F = f ] F ^ {T is large relative to (g, B)). 
Claim. Lemma \T^ implies .7m . 

Proof. The required copy of C can be constructed inductively. We start by 
fixing an enumeration {xn : n G to} of Up such that F = {xq, . . . ,Xk} and by setting 
Xi — Xi for every i ^ k. Next, we proceed as follows: Set — Up. Then the 
subspace of Up supported by {xq, . . . , ifc} and the copy satisfy the requirements 
(i)-(iii) of Lemma [T9l Consider then hk+i defined on {ip, . . . ,Xk} by: 

Vi ^ fc hk+i{xi) = d^'p^Xk+ijXi). 

Then hk+i is Katetov over {xq, . . . , Xk} and Lemma |19I can be applied to the 
subspace of Up supported by {xq, . . . , Xk}, the copy A^ and the Katetov map hk+i- 
It produces x* and B, and we set Xk+i = and A^j+i = B. In general, assume 
that xo,...,xi and Afc,...,A; are constructed so that A; and the subspace of 
Up supported by {xq, . . . satisfy the hypotheses of Lemma |19I Consider hi^i 
defined on {xq, . . . , x;} by: 

yis^l hi+i{xi) = d^''{xi+i,Xi). 

Then hi+i is Katetov over {xo, • ■ ■ , xi}, Lemma [19] can be applied to produce 
X* and B, and we set = x* and Aj+i = B. After co steps, we are left with 
C = {xn : n Cz Lu} isometric to Up, as required. □ 

The remaining part of this section is consequently devoted to a proof of Lemma ll9l 
where X, A and h are fixed according to the requirements (i)-(iii) of Lemma [TOl 

Claim. If x* and B satisfy (V) and (ii) of Lemma [T^ then (Hi') is also 
satisfied. 
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Proof. Let g e E{X. U {x*}) be such that g \ F ^ f \ F. We need to show 
that r is large relative to (5,B). If ming ^ m, then (5,B) (/, Up). Since F is 
large relative to (/, Up), it follows that T is also large relative to {g, B) and we are 
done. On the other hand, if min g ^ m — 1, then 

o(5, B) c ((X u K})„_i n o(/, B)) c r. 

So r is large relative to {g, B). □ 
With this fact in mind, we define 

K = {(j}e E{X U {h}) ■.(j)\F = f\F and 0(/i) m - 1}. 
The reason for which K is relevant here lies in: 
Claim. Assume that S G (j^ ) and x* ^ B are such that: 

(1) XcB. 

(2) X* realizes h over X. 

(3) For every <j) G K, every point in B realizing cj) over X\J {x*} = XU {/i} 
is in r. 

(4) x*eTifh\F = f\F (that is ifx* G 0(/, B)). 
Then x* and B satisfy (V) and (iV) Lemma [Wl 

Proof. The requirement (i') is obviously satisfied so we concentrate on (ii'). 
Lety G (XU {j:*})„^_^nO(/,B). We need to prove that y G T. Uy G (X)„^_^, then 
y is actually in (X)^_^ nO(/, A) C F and we are done. Otherwise, y G {{x*})^^^. 
If y — X* , there is nothing to do: Since y is in 0(/, B), so is a;*. Thus, by (iv), 
X* G F, that is y G F. Otherwise, let be the Katetov map realized by y over 
XU{a:*} = XU{/i}. According to (iii), it suffices to show that (f> G K. This is what 
we do now. First, the metric space X U {x*,y} witnesses that <j) is Katetov over 
XU{h}. Next, y G 0(/,B) hence </) \ F = f \ F. Finally, (/)(/i) = d^''{x*,y) m-1 
since y G i{x*})^_^. □ 

The strategy to construct B and a;* is the following one. Let {(pa ■ a < \K\} 
be an enumeration of K. We first construct a sequence of points {Xa)a<\K\ a-nd 
a decreasing sequence {'Da)a<\K\ of copies of Up so that Xa € Dq and for every 
13 ^a< \K\: 

(1) XcD„. 

(2) Xa realizes h over X. 

(3) Every point in Dq realizing (pp over X U {xa} = X U {h} is in F. 

The details of this construction are provided in section [3. 3. 71 Once this is done, 
call x' = B' = D|7^|_i. The point x' and the copy B' are almost as required 

except that x' may not be in F. If /i \ F ^ f \ F, this is not a problem and setting 
X* = x' and B = B' works. On the other hand, if /i \ F = f \ F, then some extra 
work is required and we proceed as follows. 

Pick X* G B' reahzing h over X and such that d^p{x*,x') — 1. We will be 
done if we construct B G ) so that (X U {x* , x'}) n B = X U {x*} and for every 
4> € K , every point in B realizing (j) over X* U {x*} realizes 4> over X* U {x'}. Here 
is how this is achieved thanks to Lemma 1181 For (j) d K , define the map (f> on 
XU {2:*,a;'} by 

r (^rx = 0fx. 
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Using the fact that./) is Katetov over XU{/i} and XU{a;*} = XU{a;'} = XU{/i}, 
it is easy to check that (j) is Katetov over X U {x* , x'} and that for every <j>, (j>' e K: 

max(|(^-0'| f XU {.T*}) = max|0~ 0'|, 

min(((^ + 4>') r X U {x*}) = min(0 + 0'). 
Working inside B', we can therefore apply LemmafTSlto XU{a;*} C XU{x*, x'} 
and the family ((j))^^K to obtain B as required. □ 

3.3.7. Construction of the sequences (x a) a<\K\ and {Da)a<\K\- The construc- 
tion of the sequences (a;Q,)Q,<|^| and (Da)a<\K\ is carried out thanks to a repeated 
application of the following lemma: 

Lemma 20. Let T d K and D e ) be such that X C D. Assume that u e D 
realizes h over X and is such that for every (j) £ T, every point in D realizing <p 
over XU {u} = XU {h} is in T. Let s Cz K \ J- be such that 

V(/) e L< (l){h) > s{h) and (j){h) < s{h) -^(jy^T. {*) 

Then there are Ee (^) and V €z E realizing h over X such that X d E and 
for every (j) € J-'U {s}, every point in E realizing (j) over XU {u} XU {/i} is in V . 

Once Lemma BUI is proven, here is how the sequences (a;Q)Q<|_fs-| and {Oa)a<\K\ 
are constructed: Choose the enumeration {(p^ ■ ct < \K\} of K so that the sequence 
{(f>a{h))a<:\K\ is nondecreasing. Apply Lemma to = 0, D = A and s ~ <j)Q to 
produce Xq and Dp. In general, apply Lemma to = {(/)q . . . (fia}, D — and 
s = 4>a+i to produce Xa+i and Tia+i- After |A'| steps, the sequences (xa)a<\K\ 
and {Da)a<\K\ are as required. 

Proof of Lemma [23 We start with the case where s{h) ^ mins \ X. The 
map s being in K, s{h) S^m — 1 and so mins f X ^ to — 1. Then, 

o{s rx,D)c ((X)„_inO(/,D)). 

But from the requirement (ii) of Lemma I19[ 

((X),„_,no(/,D)) cr. 

Observe now that every point in D realizing s over X U {u} is in 0{s \ X, D). 
Thus, according to the previous inclusions, any such point is also in F. So in fact, 
there is nothing to do: v = u and E = D works. 

From now on, we consequently suppose that s{h) < mins f X. Let si be 
defined on X U {u} by 

( \ _ j s{x) if x e X, 
"^^^"^^ ' { s{h) + l ifx^u. 

Claim. The map si is Katetov. 

Proof. The map s is Katetov over X. Hence, it is enough to prove that for 
every a; G X 

|si(m) - si{x)\ ^ d^''{x,u) ^ si(it) + si(x). 

That is 

\s{h) + 1 - s{x)\ < h{x) ^ s{h) + 1 + s{x). 
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Because s is Katetov over X U {/i}, it is enough to prove that 

s{h) + 1 - s{x) < h{x). 
But this holds since s{h) < niins |" X. □ 
Claim. F is large relative to {si,D). 

Proof. If s{h) = m — 1, then minsi = m = min/ and so (si,D) (/, Up). 
Since F is large relative to (/, Up), it is also large relative to (si,D) and we are 
done. On the other hand, if s{h) < m — 1, then si G K and it follows from the 
hypothesis (*) on that si G J-. In particular, every point in D realizing si over 
X U {u} is in F, and it follows that F is large relative to (si, D). □ 

Consequently, there is (s2,D2) (si,D) such that F is large relative to 
(s2,D2). We are now going to construct v and a Katetov extension S3 of S2 such 
that V realizes h over X, S3(u) = s{h) and (53, D2) ^0 (s2,D2)- This last re- 
quirement will make sure that F is large relative to (53,02). We will then apply 
Lemma [TSl to obtain the copy E as required. Here is how we proceed formally: Fix 
w G 0(s2, D2) and consider the map hi defined on X U {u, w} by 

r h{x) if a; G X. 
hi{x) — < 1 if a; = li. 

[ s{h) if X = w. 

Claim. The map hi is Katetov. 

Proof. The metric space (X U {h}) U {s} witnesses that /ii |~ X U {w} is 
Katetov. Next, hi f X U {u} is also Katetov: Let a: G X. Then 

\hi{x) - hi{u)\ = h{x) - 1 ^ h{x) = (f''{x,u) ^ h{x) + 1 = hi{x) + hi{u). 

The only thing we still need to show is therefore 

\hi{u) - hi{w)\ ^ d^^{u,w) < hi{u) + hi{w). 

But these inequalities hold as they are equivalent to 

\1- s{h)\£^s{h) + li^l + s{h). □ 

Let V G D3 realizing hi over XU {u,w}. As announced previously, define an 
extension S3 of S2 on doms2 U {w} by setting S3(u) = s{h). 

Claim. The map S3 is Katetov and F is large relative to (S3, Z?2)- 

Proof. The point w realizes S3 over doms2 U {u} and therefore witnesses that 
S3 is Katetov. As for F, it is large relative to (S3, D2) because it is large relative to 
(S2, D2) and (S3, D2) sJo (s2, D2). □ 

Observe now that min S3 — s{h) — min S3 f X U {m, v} = min s ^ m — 1. Thus, 
one can apply Hmins inside D2 to S3 and XU {u, v} to obtain D3 G (y^) such that 
doms3 n D3 = X U {u, v} and 0(s3 f X U {m, v}, D3) C F. At that point, both u 
and V realize h over X and if G J^, then every point in D3 realizing over XU {u} 
is in F. Thus, we will be done if we can construct E G (y'') such that: 

• (XU{u,w})nE = XU{w}. 

• For every (/) £ every point in E realizing (f> over X U {v} realizes over 
XU{u}. 

• Every point in E realizing s over X U {v} realizes S3 over X U {w, v}. 
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Once again, this is achieved thanks to Lemma [TSl For (p ^ !F, define the map 
^ on X U {u, v} by: 

r $\x = ^\x, 
I ku) = kv) = m- 

Using the fact that is Katetovover XU{/i} and XU{-u} = XUlw} = XU{/i}, 
it is easy to check that <f) is Katetov over X U {u,v}. Let T = Working 
inside D3, we would hke to apply LemmafTSlto XU{i;} C XU{u,w} and the family 
{S3} U to obtain E as required. It is therefore enough to check: 

Claim. For every g, g' e {sa} U T: 

max(|(7 — g'l \ XU {v}) — ma,x\g — g'\, 
min((5 + 5') \ XU {v}) ^ mm{g + g'). 

Proof. When g,g' E this is easily done. We therefore concentrate on the 
case where g — (p iox <p E T and g' — S3. What we have to do is to show that: 

- S3iu)\ < max(|(^ - S3I t X U {v}) (1) 

4)iu) + S3{u) > min((0 + S3) r X U {v}) (2) 

Recall first that S3(m) = s{h) + 1 and that S3(t;) = s{h). Remember also that 
according to the properties of s{h) ^ <p{h). For (1), if s(h) < (j){h), then we are 
done since 

\${u)-s:,{u)\^\cj,ih)-{sih) + l)\ 
= m - is{h) + 1) 
q^{h) - s{h) 

= - S3(w) 

\${v) ~ S3{V)\. 

On the other hand, if = s{h), then — S3(u)| = 1 but then this less 

or equal to max(|<^ — sal t X U {v}) as this latter quantity is equal to max — s|, 
which is at least 1 since (j> E J- and s ^ Thus, the inequality (1) holds. As for 
(2), simply observe that 

0(u) + S3(u) >0(t;) + S3(w). □ 

This finishes the proof of Lemma [20l □ 

3.3.8. Proof of Lemma\T3[ The purpose of this section is to provide a proof of 
Lemma [T8l which was used extensively in the previous proofs. Let Go C G be finite 
subsets of Up, Q a family of Katetov maps with domain G and such that for every 
9,9' (^5: 

max(|.g - g'\ \ Go) = max \g - g'\, 
min((g + 9') \ Go) = min(5 + g'). 
We need to produce an isometric copy C of Up inside Up such that: 

(1) GnC^Go. 

(2) Wgeg 0(g r Go, C)C 0(5, Up). 

First, observe that it suffices to provide the proof assuming that G is of the 
form Go U {z}. The general case is then handled by repeating the procedure. 
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Lemma 21. Let X be a finite subspace of[J{0{g \ Go) '■ g G Q}. Then there is 
an isometry (p on Up fixing Go U {Xd [J{0{g) ■ g € Q}) and such that: 

\/g&g ip"Xr^O{g\Go)^0{g). 

Proof. For x € X, there is a unique element gx & Q such that x e 0{gx \ Go)- 
Let k be the map defined on Go U X by 

Ur,\-l d^''{x,z) if a; e Go, 
^^"l 9.{z) if a; ex. 

Claim. The map k is Katetov. 

Proof. The metric space Gq[J{z} witnesses that k is Katetov over Go- Hence, 
it suffices to check that for every a; G X and y € Go U X, 

\k{x) - k(y)\ ^ cF^ix, y) k{x) + k{y). 

Consider first the case y £ Go- Then d^{x,y) = gx{y) and we need to check 

that 

\gx{z)-dy''{y,z)\ ^ gx{y) ^ gx{z) + (f'''{y, z). 
Or equivalently, 

\gx{z) - gxiy)\ < d^''{y,z) ^ gx{z)+gx{y)- 

But this is true since gx is Katetov over GoU{.2}. Consider now the case y € X. 
Then k{y) = gy{z) and we need to check 

\9x{z) - gy{z)\ < d"''{x,y) gx{z)+gy{z). 
But since X is a subspace of [j{0{g \ Go) : g & G}, we have, for every u G Go, 

\dP''{x,u)-(f^{u,y)\ ^dy''{x,y) ^dP''{x,u)+(F''{x,u)- 
Smce X G 0{gx \ Go) and y &0{gy \ Go), this is equivalent to 
\9x{u) - gy{u)\ < dP^{x,y) < gx{u) + gy{u). 

Therefore, 

Taax.{\gx - gy\ \ Go) < rf"''(a;,y) < mm({gx+gy) \ Go). 

Now, by hypothesis on Q, this latter inequality remains valid if Go is replaced 
by Go U {z}. The required inequality follows. □ 

By ultrahomogeneity of Up , we can consequently realize the map k over Go U X 
by a point z' e Up. The metric space Go U (X n \J{0{g) : g € Q})li [k] being 
isometric to the subspace of Up supported by Go U (X n {_^{0{g) : g E G}) U {z}, 
so is the subspace of Up supported by Go U (X n [j{0{g) : g G G}) U {z'}. By 
ultrahomogeneity again, we can therefore find a surjective isometry ip of Up fixing 
Go U (X n [J{0{g) : g G G}) and such that (p{z') = z. Then (p is as required: Let 
geG andxe 0{g f Go). Then: 

d^-{^{x),z) = d^-{^{x),^{z')) = d^-{x,z') = k{x) = g{z) 

That is, Lp(x) e 0{g). □ 

Lemma 22. There is an isometric embedding tp of GqU [J{0{g \ Go) ■ g G G)} 
into Go U \J{0{g) : g G G)} fixing Go such that: 

ygeG ^|J"0{g\Go)cO{g)- 
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Proof. Let {x„ : n € uj} enumerate [J{0{g \ Go) ■ g G G)}- For n £ iv, let 
gn be the only g <E Q such that Xn € 0((?„ \ Go). Apply Lemma [2T] inductively 
to construct a sequence {'ijjn)nGuj of surjective isometrics of Up such that for every 
n G to, fixes Go U : k < n} and ipnixn) G 0{gn)- Then defined on 

Go U {xn : n e by t/i |~ Go = idco ^-^d ^/'(xn) = V^nl^^n) is as required. □ 

We now turn to the proof of LemmafTSl Let Y and Z be the metric subspaces of 
Up supported by GuU{0(5) : g & Q)} and GoUU{0(5 f Go) : 3 S Q)} respectively. 
Let zo : Z — > Up be the isometric embedding provided by the identity. By Lemma 
[22I the space Z embeds isometrically into Y via an isometry jo that fixes Go. We 
can therefore consider the metric space W obtained by gluing Up and Y via an 
identification of Z C Up and JqZ C Y. The space W is described in Figure [T] 

Formally, the space W can be constructed thanks to a property of the count- 
able metric spaces with distances in {1, . . . ,p} known as strong amalgamation: We 
can find a countable metric space W with distances in {1, . . . ,p} and isometric 
embeddings ii : Up — > W and ji : Y — * W such that: 

• ii°io ^ ji o jo- 

• W = i'(Vp U ji'Y. 

. i'l'Up n f{Y = (n o ioY'z = in o jo)"z. 

• For every x G Up and y G Y: 

ji(y)) - mm{(r^(ii{x),Hoio{z)) + d'^{jiojo{z),n{y)) : z € Z} 
= mm{d^''{x,ioiz)) + d^{joiz),y) : z e Z} 

= inm{d^''{x,z) + d^{joiz),y) : z S Z}. 

The crucial point here is that in W, every x G i'/Up realizing some g \ Go over 
i"Go also realizes g over j"G. 

Using W, we show how C can be constructed inductively: Consider an enu- 
meration {xn : n G a;} of i'/Up admitting i'/Go as an initial segment. Assume that 
the points ip{xo), • ■ • , f{xn) are constructed so that: 

• The map (f is an isometry. 

• dom^s C I "Up. 

• laxitp C Up. 

• ip{ii{x)) — X whenever x G Go- 

• d^''{ip{xk),z) = d^{xk,ji{z)) whenever z £ G and k ^ n. 

We want to construct ip{xn+i)- Consider e defined on {<f{xk) : fc ^ n} U G by: 

J Vfc < n e{ip{xk)) = d^{xk,Xn+i), 
\ VzG G e{z)^d^{ji{z),x„+i). 

Observe that the metric subspace of W given by {xk : k < n + 1} U j'{G 
witnesses that e is Katetov. It follows that the set E of all y G Up realizing e over 
the set {Lp{xk) : fc ^ n} U G is not empty and ip{xn+i) can be chosen in E. □ 

3.4. Indivisibility of ultrametric Urysohn spaces. We saw in section [5] 
that the classes of ultrametric spaces Us were the only case where we were able to 
compute the big Ramsey degree explicitly. However, Theorem 1501 and Theorem 15 II 
leave an open case: Nothing is said about the big Ramsey degree of the 1-point 
ultrametric space when the set S is infinite. In other words. Theorems [50] and [51] 
do not solve the indivisibility problem for B5 when S is infinite. The purpose of 
this subsection is to fix that flaw. 
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Figure 1 . The space W 



Theorem 58. Let S c]0, +oo[ countable. Assume that the reverse linear order- 
ing > on R does not induce a well- ordering on S . Then there is a map x '■ Bs *■ lu 

whose restriction on any isometric copy X of Bs inside Bs has range uj. 

In particular, in this case, B5 is divisible. This result should be compared with 
the following one: 

Theorem 59. Let S c]0, +oo[ be finite or countable. Assume that the reverse 
linear ordering > on M induces a well- ordering on S . Then Bs is indivisible. 

Two remarks before entering the technical parts: First, Theorem [58l and The- 
orem [59] were first obtained completely independently of our work by Delhomme, 
Laflamme, Pouzet and Sauer in |9j. The proofs presented here are ours but the 
reader should be aware of the fact that for Theorem [59l though the ideas are essen- 
tially the same, the proof presented in [9] is considerably shorter. Second remark: 
It is easy to show that a necessary condition on a countable ultrahomogeneous 
ultrametric space X to be indivisible is to be of the form B5 for some at most 
countable S c]0,-|-oo[. Indeed, otherwise, according to Proposition [5] (Chapter 1), 
X is the set of finitely supported elements of OseS where at least one of the 
elements of (^s)ses, say A^^, is finite. But then, the coloring x ■ X — > Ag^ defined 
by x{x) — x{so) divides X. Therefore: 
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Theorem 60. Let X be a countable ultrahomogeneous ultrametric space with 
distance set S c]0, +oo[. Then X is indivisible iff X = Bs and the reverse linear 
ordering > onM. induces a well-ordering on S . 

This subsection is organized as follows. Theorem[58]is proved in l3.4.1l Theorem 
[59l is proved in 13.4.21 Finally, in I3.4.3i we present an application of Theorem [59] 
dealing with restrictions of maps / : B5 — > uj. 

3.4.1. Proof of Theorem\58[ Fix a countable subset S of ]0, +cx)[ such that the 
reverse linear ordering > on M does not induce a well-ordering on S. The idea to 
prove that B5 is divisible is to use a coloring which is constant on some particular 
spheres. More precisely, observe that (5, >) not being well-ordered, there is a 
strictly increasing sequence (si)igij of reals such that sq = and e S* for every 
i > 0. Observe that we can construct a subset E of B5 such that given any y G B5, 
there is exactly one x va E such that for some i < uj, cP^{x,y) < Si. Indeed, if 
supj^^ Si — 00, simply take E to be any singleton. Otherwise, let p — supj^^^ Si 
and choose E C B5 maximal such that 

yx,yeE d^^{x,y) > p. 

To define x • B5 — > uj, let {Aj)j^i^ be a family of infinite pairwise disjoint 
subsets of UJ whose union is uj. Then, for y g B5, let e{y) and i{y) be the unique 
elements of E and ui respectively such that d^^{e{y), y) G [si{y), Si(y)+i[, and set 

x{y) =3 iff i{y) e A^. 

Claim, x '^•s required. 

Proof. Let Y C B5 be isometric to B5. Fix y £ Y. For every j g w, 
pick ij > i{y) + 1 such that ij € Aj. Since Y is isometric to B5, we can find 
an element yj in Y such that d^^{y,yj) = Si-. We claim that xiVj) — Ji or 
equivalently i{yj) £ Aj. Indeed, consider the triangle {e{y),y,yj}. Observe that in 
an ultrametric space every triangle is isosceles with short base and that here, 

d^He{y),y) < Sj, = d{y,yj). 

Thus, 

d^He{y)^yj) = d^Hy,yj) e [sj,,s,;^+i[. 

And therefore e{yj) — e{y) and i{yj) = ij £ Aj. □ 

3.4.2. Proof of Theorem \59l When S c]0, -|-oo[ is finite, it follows from the 
proof of section [2] that the 1-point ultrametric space has a big Ramsey degree equal 
to 1. Thus, B5 is indivisible. From now on, we consequently concentrate on the 
case where S is infinite. Fix an infinite countable subset S of ]0, -|-oo[ such that 
the reverse linear ordering > on R induces a well-ordering on S. Our goal here is 
to show that the space B5 is indivisible. For convenience, we will simply write d 
instead of d-^^ . 

Observe first that the collection Bs of metric balls of B5 is a tree when ordered 
by reverse set-theoretic inclusion. When x £ B5 and r € S, B{x,r) denotes the 
set {y € Bs : d^^{x,y) < r}. x is called a center of the ball and r a radius. Note 
that in B5, non empty balls have a unique radius but admit all of their elements 
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as centers. Note also that when s > is in 5, the fact that {S, >) is well ordered 
allows to define 

s~ = max{t £ S : t < s}. 
The main ingredients are contained in the following definition and lemma. 

Definition 9. Let Ac Bs and b e Bs with radius r e S' U {0}. Say that A is 
small in b when r = and An6 = 0, or r > and Adb can be covered by finitely 
many balls of radius r~ . 

We start with an observation. Assume that {a;„ : n e a;} is an enumeration of 
B ij, and that we are trying to build inductively a copy {a„ : n € w} of in A 
such that for every n, m G w, (i(a„, am) = d{xm x.^)- Then the fact that we may be 
blocked at some finite stage exactly means that at that stage, a particular metric 
ball b with A n 6 7^ is such that A is small in b. This idea is expressed in the 
following lemma. 

Lemma 23. Let X C Bs- The following are equivalent: 

ii) There isY c X such that Y is not small in b whenever b G Bs and yn6 7^ 0. 

Proof. Assume that i) holds and let F be a copy of Eg in X. Fix b £ Bs 
with radius r and such that F fl 6 7^ 0. Pick x e Y r\ b and let E C Bg be an 
infinite subset where all the distances are equal to r. Since Y is isometric to Bg, 
Y includes a copy E oi E such that x E E. Then E cYOb and cannot be covered 
by finitely many balls of radius r~ , so ii) holds. 

Conversely, assume that ii) holds. Let {xn : n e w} be an enumeration of 
the elements of Bg. We are going to construct inductively a sequence {yn)neu> of 
elements of Y such that 

Wm^neuj d{y.m,yn) ^ d{Xm,Xn). 

For 2/0) take any element in Y. In general, if {yn)n^k is built, construct yu+i 
as follows. Consider the set E defined as 

E = {y gBs -.y n^k d{y, yn) = d{xk+i,Xn)}. 

Let also 

r = min{d(a;fe+i,a;„) : n < fc}. 

and 

M = {n : d{xk+i,Xn) = r}. 
We want to show that E (lY ^ 0. Observe first that for every m,n € M, 
d{ym,yn) < r. Indeed, 

d{ym,yn) = d{Xm,Xn) < max{d{Xm, Xk+l) , d{Xk+l, Xn)) = r. 

So in particular, all the elements of {ym ■ m G M} are contained in the same 
ball b of radius r. 

Claim. E = b \\J^^j^ B{ym,r-). 

Proof. It should be clear that 

i;c6\ y B{yra,r-). 
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On the other hand, let y £ b \ IJmeM ^iVm, r ). Then for every m G M, 

Therefore, it remains to show that d(]j, yn) — d{xk+i, Xn) whenever n ^ M. To 
do that, we use again the fact that every triangle is isosceles with short base. Let 
m G M. In the triangle {xm,Xn,Xk+i}, we have d{xk+i, Xn) > r so 

d{Xrn,Xk+l) = r < d{Xn,Xjn) = d{Xn,Xk+l). 

Now, in the triangle {ym,yn,y}, d{y,ym) = r and d{ym,yn) = (i(x™,x„) > r. 
Therefore, 

d{y,yn) = d{y,n,yn) = d{Xm,Xn) = d{xk+l,Xn)- □ 

We consequently need to show that (6 \ IJmGM B{ym,r^)) n y 7^ 0. To achieve 
that, simply observe that when m G M, we have ym G Y O b. Thus, y n 6 ^ 
and by property ii), Y is not small in b. In particular, Y n b is not included in 

We are now ready to prove Theorem[59l However, before we do so, let us make 
another observation concerning the notion smallness. Let = AU B. 

Note that if A is small in & G Bs, then 1) Anb cannot contribute to build a 
copy of B5 in A and 2) i?n6 is isometric to b. So intuitively, everything happens as 
if b were completely included in B. So the idea is to remove from A all those parts 
which are not essential and to see what is left at the end. More precisely, define a 
sequence {Aa)aeuji recursively as follows: 

• Ao=A. 

• Aa+i = Aa \ [J{b : Aa is small in b}. 

• For a < uji limit, A^ = n,,<a 

Since B5 is countable, the sequence is eventually constant. Set 
/3 ~ min{a < ui : Aa+i — Aa}- 

Observe that if Ap is non-empty, then Ap is not small in any metric ball it 
intersects. Indeed, suppose that & G ^5 is such that A/^ is small in b. Then 
Af^+i n 6 = 0. But Ap+i ^ Afi so ApHb = ib. Therefore, since Ap C A, A satisfies 
condition ii) of lemma [23] and {■^^) 7^ 0. 

It remains to consider the case where = 0. According to our second observa- 
tion, the intuition is that A is then unable to carry any copy of B5 and is only com- 
posed of parts which do not affect the metric structure of B. Thus, B should include 
an isometric copy of B5. For a < wi, let Ca be the set of all minimal elements (in 
the sense of the tree structure on Bs) of the collection {6 G S5 : A^ is small in b}. 
Equivalently, Ca is the set of elements of {6 G Bs ■ Aa is small in b} with largest 
radius. Note that since all points of B can be seen as balls of radius in which A 
is small, we have B c[JCq. Note also that {[JCa)a<uji is increasing. By induction 
on a > 0, it follows that 

ri<a 

Claim. Let a < cui, b £ Ca with radius r £ S . Then &\lJr)<a Ui*^ G C,, : c C &} 
is small in b. 
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Proof. Aa is small in b so find co . . . c„_i G Bs with radius r and included 
in b such that 

A„ n6 C [jc,. 

i<n 

Then thanks to (*) 

z<n ?7<a 

Note that by minimality of 6, if 77 < a, then b C c cannot happen for any 
element of C^. It follows that either cn6 = 0orcc6. Therefore, 

b\[jciC [j[j{ceCn:cCb}. □ 

i<n ri<a 

Claim. Let a < wi and 6 e Cc,. Then (^["') 7^ 0. 
Proof. Wc proceed by induction on a < uji. 

For a = 0, let 6 e Cq. If the radius r of 6 is 0, there is nothing to do. If r > 0, 
then r G S. Aq = A is small in b so find cq, . . . ,c„_i with radius r~ such that 
j4 n 6 C lJi<n '^2- Then 6 \ lJi<,i '^i isometric to 6 and is included in B n 6. 

Suppose now that the claim is true for every r] < a. Let b G Ca with radius 
r G S. Thanks to the previous claim, we can find cq . . . Cn-i € Bs with radius r~ 
and included in b such that 

b=\Jc^Li\J [j{c eCr,:cCb}. 

Observe that 

\J\J{ceCr,:cCb} = [j{ce [jCr,:cC b}. 

ri<a rj<a 

Define V,, as the set of all minimal elements (still in the sense of the tree 
structure on Bs) of the collection 

{c e [J Cn -.cCb and \/i < n c n = 0}. 

r}<a 

Then {a : i < n} U is a collection of pairwise disjoint balls and IJ is 
isometric to b. By induction hypothesis, (^[?'^) 7^ whenever c e and there is 
an isometry : c — > Bdc. Now, let ip -.[J — > B (Ibhe defined as 

f= [J fc- 

Wc claim that ip is an isometry. Indeed, let x,x' G [jVa- If there is c e Va 
such that x,x' G c then 

d{p{x), p{x')) = d{p,{x), p,ix'}) = d{x, x'). 

Otherwise, find c ^ c' G Va with a; G c and x' G c'. Observe that since we are 
in an ultrametric space, we have 

\/y,z&c My', z' e c' d{y, y') = d{z, z'). 

Thus, since x, ip{x) G c and x', (p{x') G c', we get 

d{ip{x), ^p{x')) = d{x, x'). □ 
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To finish the proof of Theorem [59l it suffices to notice that as a metric ball 
(the unique ball of radius maxS*), Bs is in C/j. So according to the previous claim, 

{bs) ^ ^ ^^"^ ^^'^ done. 

3.4.3. An application of Theorem \59[ Let S c]0, +oo[ be infinite and countable 
such that the reverse linear ordering > on R induces a well-ordering on S. We saw 
that B5 is then indivisible but that there is no big Ramsey degree for any X e Us 
as soon as |X| ^ 2. In other words, in the present context, the analogue of infinite 
Ramsey's theorem holds in dimension I but fails for higher dimensions. Still, one 
may ask if some partition result fitting in between holds. For example, given any 
/ : B5 — > Lu, is there an isometric copy of B5 inside B5 on which / is constant 
or injective? Such a property is sometimes refered to as selectivity. Selectivity can 
be thought as an intermediate Ramsey- type result between dimension 1 and 2. It 
is indeed clearly stronger than the 1-dimensional result, but is in turn implied by 
the 2 dimensional one if one considers the 2-coloring x defined by xii^i u}) = 1 iff 
f{x) = f{y). It turns out that in the present case, selectivity does not hold. To 
see that, consider a family (6n)„e[j of disjoint balls covering B5 whose sequence 
of corresponding radii (r„)„g^ decreases strictly to and define / : B5 — > uj by 
f{x) = n iff a; € 6„. Then / is not constant or injective on any isometric copy of B5. 
Observe in fact that / is neither uniformly continuous nor injective on any isometric 
copy of B5. However, if "uniformly continuous" is replaced by "continuous", then 
the result becomes true; 

Theorem 61. Let S be an infinite countable subset o/]0,+oo[ such that the 
reverse linear ordering > on M. induces a well- ordering on S. Then given any 
map f : Bs — > w, there is an isometric copy X of Bs inside Bs such that f is 
continuous or injective on X . 

The purpose of what follows is to provide a proof of that fact. The reader will 
notice the similarities with the proof of Theorem [59] 

Definition 10. Let f : Bs — > u, Y c Bs and b G Bs with radius r > 0. 
Say that f has almost finite range on b with respect to Y when there is a finite 
family (ci)i<„ of elements of Bs with radius r~ such that f has finite range on 

^n(6\U<„c,). 

Lemma 24. Let f : Bs — > co and Y C Bs such that for every b G Bs meeting 
Y , f does not have almost finite range on b with respect to Y . Then there is an 
isometric copy of Bs included in Y on which f is injective. 

Proof. Let {xn : n e w} be an enumeration of the elements of B5. Our goal is 
to construct inductively a sequence (jjn)neuj of elements of Y on which / is injective 
and such that 

\/m,nGUJ d{yrn,yn) = d{Xm,Xn)- 

For j/Oi take any element in Y. In general, if (j/rOn^fc built, construct yt+i 
as follows. Consider the set E defined as 

S = {y e Bs : V n < fc d(j/,?/„) = d{xk+i,Xn)}- 

As in lemma [23l there is b £ Bs with radius r > intersecting Y and a set M 
such that 

i; = 6\ U B{y,n,r-). 
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Since / does not have almost finite range on b with respect to y, / takes 
infinitely many values on E and we can choose yk+i G E such that 

We now turn to a proof of Theorem 1611 Here, our strategy is to define recur- 
sively a sequence {Qa)aeu:i whose purpose is to get rid of all those parts of B5 on 
which / is essentially of finite range: 

• Qo = Bs. 

• Qa+i = Qa \ U{^ • f almost finite range on b with respect to Qa}- 

• For a < uji limit, Qa = ClrjKa Qv 

B5 being countable, the sequence is eventually constant. Set 
P = min{a < uji : Qa+i = Qa}. 

If Qi3 is non-empty, then / and Qp satisfy the hypotheses of lemma [24l Indeed, 
suppose that b e Bs is such that / has almost finite range on b with respect to Qp. 
Then Qp+i n 6 = 0. But Q^+i ^Qp soQpnb^9. 

Consequently, suppose that Q^g = 0. The intuition is that on any ball 6, / is 
essentially of finite range. Consequently, we should be able to show that there is 
X e (g^) on which / is continuous. 

For a < uji, let Ca be the set of all minimal elements of the collection 

{b : f has almost finite range on b with respect to Qa}- 

Then 

V < a < cji = Bs \ y \JC^ {**) 

•q<a 

Claim. Let a < uji and b (z Ca- Then there isbCz (||) on which f is continuous. 
Proof. We proceed by induction on a < uji. 

For a = 0, let 6 € Cq. f has almost finite range on b with respect to Qo ~ B5 
so find Co, ... , c„_i with radius such that / has finite range on 6 \ 1J,;<„ c^. Then 
b \ Ui<n '^i isometric to b. Now, by Theorem [551 b is indivisible. Therefore, there 
is 6 € (^) on which / is constant, hence continuous. 

Suppose now that the claim is true for every rj < a. Let b ^ Ca with radius 
r € S. Find co . . . c„_i G Bs with radius and included in b such that / has finite 
range on Qa H (& \ lJi<n "^«)- Then b' :— b\ lJi<n '^i isometric to b and thanks to 
(**), 

b' = {b'nQa)u{b'n y \Jc,). 

ri<a 

Now, let Va be defined as the set of all minimal elements of the collection 
{c e y : c C 6 and ^i < n cHCi = 0}. 

Then, for the same reason as in section 3, we have 

b' ^ib'nQa)u[jVa. 

Thanks to Theorem [SHI b' n Qq or IJ Va includes an isometric copy b of b. 
If b' n Qa does, then for every i < n, n 6 is a metric ball of b of same radius 
as Ci. Thus, b \ Ui<n "^i ^.n isometric copy of b on which / takes only finitely 
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many values and Theorem [59] allows to conclude. Otherwise, suppose that IJ T>a 
includes an isometric copy of b. Note that IJ Va includes an isometric copy of itself 
on which / is continuous. Indeed, by induction hypothesis, for every c € Pq,, there 
is an isometry ipc : c — > c such that / is continuous on the range ip'^c of ipc- As 
in the previous section, one obtains an isometry by setting ip := [jVa — > [J'Da 
defined as 

ceVa 

Thus, its range ip" [J Va is an isometric copy of IJ Va on which / is continuous. 
Now, since IJ Va includes an isometric copy of b, so does ip" [J Va and we are 
done. □ 

We conclude with the same argument we used at the end of Theorem 1591 As 
a metric ball, B5 is in Cp. Thus, there is an isometric copy X of B5 inside B5 on 
which / is continuous. 

3.5. Indivisibility of U5. The last spaces we will be studying in this section 
on indivisibility are the spaces U5 where S" is a finite set satisfying the 4-values 
condition. We saw already that they provided a wide variety of combinatorial 
objects and that the classes A^s to which they are attached seemingly behave 
quite well from a Ramsey-theoretic point of view. The purpose of this subsection 
is to show that to some extend, this apparent good behaviour of the Alg's also 
appears at the level of their Urysohn spaces. The first result here reads as follows: 

Theorem 62. Let S — {sqi • ■ • i Sm} be finite subset o/]0, +oo[ satisfying the 4- 
values condition and such that for every i < m, s^+i ^ 2si. Then Us is indivisible. 

The proof of this theorem comes from a direct adaptation of the proof of The- 
orem [57l noting that the method used for the spaces Um actually applies for Us 
provided that S does not have any large gap. However, if one tries to get rid of 
that requirement, serious obstacles appear and the result we obtain is at the price 
of a serious restriction on the size of S: 

Theorem 63. Let S be finite subset o/]0, +oo[ of size \S\ ^ 4 and satisfying 
the A-values condition. Then Us is indivisible. 

Proof. When the proofs are not elementary, their main ingredients are Mil- 
liken's theorem (Theorem [Ml) . Sauer's theorem (Theorem [55| or Theorem [571 stated 
in 13.21 and 13.31 As mentioned in chapter 1, there are many classes M.Si and hence 
many spaces U5 when S has size 4 and satisfies the 4-values condition. Thus, we 
only cover here the cases where \S\ ^ 3. The cases where jS*! = 4 are treated in 
appendix. 

For 15*1 = 1, the result is trivial. 

For l^l = 2: When S = {1, 2}, the Urysohn space is the Rado graph equipped 
with the path metric. The Rado graph being indivisible, so is Uj^i 2}- When 
S — {1, 3}, U{i 3j is ultrametric and is indivisible thanks to Theorem [59l 

For l^*! = 3: 

(la) S = {2, 3, 4}. The space U{2,3,4} can be seen as a complete version of the 
Rado graph with three kinds of edges. An easy variation of the proof working for 
the Rado graph shows that U{2,3,4} is indivisible. 

(lb) S = {1, 2, 3}. The space U{i 2,3} is the space we denoted U3 and we saw 
in Theorem [55] that it is indivisible. 
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(Id) S = {1, 2, 5}. The space U|i^2,5} is composed of countably many disjoint 
copies of U2, and the distance between any two points not in the same copy of U2 is 
always 5. The indivisibihty of U2 consequently implies that U{i^2,5} is indivisible. 

(2a) S = {1,3,4}. The space U{i 3 4} is composed of countably many disjoint 
copies of Ui and points belonging to different copies of Ui can be randomly at 
distance 3 or distance 4 apart. As for U2, its indivisibility can be proved via 
Milliken theorem: Fix an w-linear ordering < on 2^'^ extending the tree ordering 
and consider the standard graph structure on 2<'^: 

\/s<t€2<'^ {s,t}GE^{\s\ < |i|,i(|s|) = 1). 

Now, define a map d on the set [2<"]^ of pairs of 2^'^ as follows: Let {s,f}<, 
{s',t'}< be in [2<"]2. Then define d{{s,t}<,{s',t'}<) as: 

1 if s = s' 

3 if s 5^ s' and {t, t'} e E. 

4 if s ^ s' and {t, t'} (f, E. 

It is easy to chock that d is a metric. Since d takes its values in {1,3,4}, 
Q2<'^]2^ rf) embeds into U{i 3 4}. We now claim that the space U{i 3 4j embeds into 
([2<'^]^,d). To do that, we actually show that U|i^3^4j embeds into the subspace 
X of {[2<'^f, d) supported by the set 

X = {{S,i}< e [2<-]2 : |s| < \tl S <;ex t, t{\s\) = 0}. 

The embedding is constructed inductively. Let {a;„ : n e w} be an enumeration 
of U|i 3 4}. We are going to construct a sequence {{sn-itn})new of elements in X 
such that 

Vm, n e d({s, t}<, {s', f'}<) = (x™, a;„). 

For {so, io}<) take sq = and to = 0. Assume now that {sq, io}<, • • • ) {sn, in}< 
are constructed such that all the elements of {sq, ■ ■ ■■, Sn}u{io, • • • , tn} have different 
heights and all the s,'s are strings of O's. Set 

M = {m < n : ^"{1,3,4} (xm, Xn+\) = !}• 

If M ~ 0, choose s„+i to be a string of O's longer that all the elements con- 
structed so far. Otherwise, there is ,s G 2"^^ such that 

Vto e M Sm — 3. 

Set Sn+i = s. Now, choose tn+i above all the elements constructed so far and 
such that 

i) Vm ^ M {tn+l{\tm\) = 1) ^ {d^i''^''y{Xn+UXm) = 3). 

ii) {Sn+\-,tn+\}< e X. 

The requirement i) is easy to satisfy because all the tmS have different heights. 

As for ii), |s„+i| < and i„_(.i(|s„+i|) = arc also easy (again because all 

heights are different) while s„+i <iex in+i is satisfied because Sn+i being a 
string, |s„+i| < \tn+i\ implies s„+i </ex tn+\- After w steps, we are left with 
a set {{s„,t„} : n G a;} C X isometric to U|]^ 3 4}. Observe that actually, this 
construction shows that U{i^3^4} embeds into any subspace of ([2<'^]^, d) supported 
by a strong subtree of 2^^^. 
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Now, to prove that U{i 3 4} is indivisible, it suffices to prove that given any 
X : ([2^'^]^, d) — > k where fc e is strictly positive, there is a strong subtree T of 
2^'^ such that x is constant on [T]^nX. But this is guaranteed by Millikcn theorem: 
Indeed, consider the subset A := {0,01}. Then using the notation introduced for 
Theorem [54l [A] Em = X. So the restriction x \ [^]Em is really a coloring of X, 
and there is a strong subtree T of height uj such that [A] Em \ T = [T]^ n X is 
X" monochromatic. 

(2b) S = {1, 3, 6}. The space U{i 3 gj, is obtained from U2 after having multi- 
plied all the distances by 3 and blown the points up to copies of Ui . Its indivisibility 
is a direct consequence of the basic infinite pigeonhole principle and of the indivis- 
ibility of U2 . 

(2c) S — {1, 3, 7}. The space U5 is indivisible because ultrametric. □ 

At that point, a comment can be made about the general problem of indivis- 
ibility of the spaces Ug: Theorem l63l is proved thanks to a case by case analysis. 
There is therefore very little hope that this method will lead to the proof of the 
general case. Still, our feeling is that Theorem [63] should be thought as a good 
intermediate result towards a general solution. Indeed, even though \S\ < 4 is a 
severe restriction, the large panel of combinatorial situations it provides seems to 
us of a reasonable variety. Our guess is therefore that given every S, the space U5 
is indivisible. 

4. Approximate indivisibility and oscillation stability. 

After the study of indivisibility of countable Urysohn spaces, we now turn to 
the study of approximate indivisibility of complete separable metric spaces. As pre- 
sented in section [1] in the realm of ultrahomogeneous metric spaces, approximate 
indivisibility corresponds to oscillation stability whose formulation brings topolog- 
ical groups into the picture. This fact is worth being mentioned as one of the most 
significant metric Ramsey-type theorems, namely Milman's theorem, appeared in 
close connection with topological groups dynamics. For N G uj strictly positive, let 

denote the unit sphere of the (A^-|- l)-dimensional Euclidean space. Recall also 
S°° denotes the unit sphere of the Hilbert space. Milman's theorem can then be 
stated as follows: 

Theorem 64 (Milman [59]). Let f : S°° — > M be uniformly continuous. Then 
for every £ > and every N € uj, there is a vector subspace V of £2 with dimV = N 
such that 

osc(/ \vr\S°°) <s. 

Equivalcntly: 

Theorem 65 (Milman 39]). Let j be a finite cover of S°° . Then for every 
e > and every N ^ ut, there is A G j and an isometric copy o/§^ in S°° such 
that^^ C (A),. 

Milman's theorem is at the heart of the recent books [74j and |75j . where the 
interested reader will find a wide variety of its developments in geometric functional 
analysis, topological group theory and combinatorics. One of the most famous 
questions raised after the discovery of Milman's theorem is known as the distortion 
problem for £2 and asks the following: Does Milman's theorem still hold when N is 
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replaced by oo? In other words, if / : — > R is uniformly continuous and e > 0, 
is there an infinite-dimensional subspace V of £2 such that osc(/ \ V n E>°°) < el 
Or, with the terminology introduced in section[l] Is approximately indivisible? 
This problem remained opened for about 30 years, until the solution of Odell and 
Schlumprecht in [71) : 

Theorem 66 (Odell-Schlumprecht |71) ). S°° is not approximately indivisible. 

However, quite surprisingly, this solution is not based on an analysis of the 
intrinsic geometry of £2 ■ For that reason, it is sometimes felt that something es- 
sential is still to be discovered about the metric structure of S°° . This impression 
is certainly one of the motivations for the introduction of the concept of oscilla- 
tion stability as presented in section [TJ From this point of view, the approximate 
indivisibility problem for the Urysohn sphere S inherits a special status: Behind 
a solution based on the geometry of S, a better understanding of §°° might be 
hidden. . . But at the present moment, it is unclear whether such a belief is justified 
or not. What is clear is that very little is currently known about approximate 
indivisibility of ultrahomogeneous complete separable metric spaces or even about 
oscillation stability for topological groups in general. With the exception of The- 
orem 1661 the most significant result so far in the field was obtained by Hjorth in 

m- 

Theorem 67 (Hjorth [39]). Let G he a non-trivial Polish group. Then the 
action of G on itself by left multiplication is not oscillation stable. 

This section is organized as follows: In 14.11 we solve the approximate indivis- 
ibility problem for the ultrametric Urysohn spaces. We then turn in 14.21 to the 
approximate indivisibility problem for the Urysohn sphere. 

Remark. Before the concept of oscillation stability for topological groups was 
introduced by Kechris, Pestov and Todorcevic, Milman's work led to a notion which 
we will call here classical oscillation stability. This concept has now been central 
in geometric functional analysis for several decades and is already visible in the 
formulation of Theorem [64| Given a Banach space E, a function f : Se — * R 
defined on the unit sphere Se of i? is oscillation stable in the classical sense if 
for every infinite-dimensional closed subspace Y of i?, and every e > 0, there is a 
infinite-dimensional closed subspace Z of Y such that 

osc(/ \ ZHSe) <e. 

Now, say that E is oscillation stable in the classical sense if every uniformly 
continuous / : Sb — > M is oscillation stable in the classical sense. In spirit, classical 
oscillation stability and oscillation stability for topological groups are consequently 
closely related. In some cases, they even coincide: When §e is ultrahomogeneous 
as a metric space, classical oscillation stability for a Banach space E is equivalent 
to oscillation stability of its unit sphere in the sense of [46j . However, this case is 
quite exceptional: When is not ultrahomogeneous (which actually holds as soon 
as E is not a Hilbert space), this equivalence does not hold anymore and there is 
no direct connection between classical oscillation stability and oscillation stability 
for topological groups. 

4.1. Approximate indivisibility for complete separable ultrametric 
spaces. We saw in 13.41 that the indivisibility problem was completely solved for 
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ultrametric Urysohn spaces. When passing to the metric completion, this allows to 
solve the approximate indivisibility problem for the complete separable ultrahomo- 
geneous ultrametric spaces: 

Theorem 68. Let X be a complete separable ultrahomogeneous ultrametric 
space. The following are equivalent: 

i) X is approximately indivisible. 

a) X — Bg for some S c]0,+oo[ finite or countable on which the reverse 
linear ordering > on R induces a well- ordering. 

Proof. The implication ii) — > i) is a consequence of Theorem [59l which spec- 
ifies that if S c]0, -|-oo[ is finite or countable such that the reverse linear ordering 
> on M induces a well-ordering, then Bg is indivisible. For i) — > ii), let S denote 
the distance set of X. 

We start by considering the case where is not an accumulation point of S. 
Then X is discrete and therefore countable. Take e > such that e < min S. Since 
X is approximately indivisible, it is in particular e-indivisible, which in the present 
case truly means indivisible. So by Theorem 1601 ^ = (— B5) and the reverse 
linear ordering > on M induces a well-ordering on S. 

Assume now that that is an accumulation point of S. Then thanks to a result 
in Chapter 1, Section [42l there is a sequence (^s)ses of elements of w U {Q} with 
size at least 2 such that X is the set of all elements x G OseS ^« whose support is 
a subset of {si : i G cu} for some strictly decreasing sequence {si)i£^ of elements of 
S converging to 0. The distance is given by: 

d^{x, y) = min{s G 5 : Vi G S'(s < t ^ x{t) = y(t))}. 

Because X is approximately indivisible, no element of (Asjsgg is finite: If, say, 
AsQ, were finite, then the coloring x ■ ^ — * defined by x(x) = x{so) would 
contradict e-indivisibility for any e < ^q. Hence, As — Q for every s G T and so 
X = Bs- It remains to show that the reverse linear ordering > on R induces a 
well-ordering on S. Assume not. Observe then that the extension £ to X of the 
coloring x used in the proof of Theorem [55] to divide Bg contradicts the fact that 
X is approximately indivisible. □ 

4.2. Approximate indivisibility of S. As already mentioned in section [3Tl 
the first attempt towards the approximate indivisibility for S corresponds to the 
study of the indivisiblity problem for Sq: Had Sq been indivisible, S would have 
been approximately indivisible. However, we saw with Theorem [52] that Sq is not 
indivisible. Worse: The proof of that fact does provide any information about S, 
so the approximate indivisibility problem for S has to be attacked from another 
direction. The purpose of this subsection is to provide such an alternative. In 
essence, the idea remains the same: Approximate indivisibility for S should be 
attacked via the study of the exact indivisibility of simpler spaces. Sq was the first 
natural candidate because it is a very good countable approximation of S. But 
this good approximation is paradoxically responsible for the divisibility of Sq: The 
distance set of Sq is too rich and allows to create a dividing coloring. A natural 
attempt at that point is consequently to replace Sq by another space with a simpler 
distance set but still allowing to approximate S in a reasonable sense. There are 
natural candidates for this position, namely, the spaces obtained from the Um's 
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after having rescaled the distances in [0,1]. In the sequel, these spaces will be 
denoted Sm's. Formally, for m £ lo strictly positive, if Um = (CAn, d^'"), then 

S-m — [Urm )• 

TO 

This subsection is organized as follows: In 14.2.11 we show how to derive ap- 
proximate indivisiblity of S from indivisibility of the Sm's. This proves: 

Theorem 69. The Urysohn sphere S is approximately indivisible (equivalently, 
the standard action of iso{S) on S is oscillation stable). 

We then show (see l4.2.2|) : 

Theorem 70. The rational Urysohn sphere Sq is approximately indivisible. 

Theorem|69]exhibits an essential Ramsey-theoretic distinction between §°° and 
S. At the level of iso(S°°) and iso(S), it answers a question mentioned by Kechris, 
Pestov and Todorcevic in [46j , Hjorth in [39] and Pestov in [74] , [75] , and highlights 
a deep topological difference which, for the reasons mentioned previously, was not 
at all apparent until now. 

Before going deeper into the technical details, let us mention here that part 
of our hope towards the discretization strategy came from the proof of a famous 
result in Banach space theory, namely Gowers' stabilization theorem for cq. Recall 
that Co is the space of all real sequences converging to equipped with the \\-\\^ 
norm. Let Scq denote its unit sphere and S+ denote the set of all those elements of 
§co taking only positive values. In [28] , Gowers studied the indivisibility properties 
of the spaces FIN^ (resp. FIN^) of all the elements of §co taking only values in 
{k/m : k £ [—to, to] H Z} (resp. {k/m : k £ {0, 1, . . . , rn}}) where to ranges over 
the strictly positive integers: 

Theorem 71 (Gowers [28]). Let m £ uj, m ^ 1. Then FIN™ (resp. FIN+ J is 
1-indivisible (resp. indivisible). 

A strong form of these results (see |28) for the precise statement) then led to: 

Theorem 72 (Gowers |28) ). The sphere §co (resp. S'^^) is approximately indi- 
visible. 

In the present case. Theorem [69] actually provides several other results of a 
similar flavor. For example, it allows to reach the following generalization: 

Theorem 73. Let X be a separable metric space with finite diameter S. As- 
sume that every separable metric space with diameter less or equal to d embeds 
isometrically into X. Then X is approximately indivisible. 

Then, notice that when applied to the unit sphere of certain remarkable Banach 
spaces, this theorem yields interesting consequences. For example, it is known that 
every separable metric spaces with diameter less or equal to 2 embeds isometrically 
into the unit sphere §c([o.i]) of the Banach space C([0, 1]). It follows that: 

Theorem 74. The unit sphere o/C([0, 1]) is approximately indivisible. 

On the other hand, it is also known that C([0, 1]) is not the only space having a 
unit sphere satisfying the hypotheses of Theorem 1731 For example. Holmes proved 
in [40] there is a Banach space (U) such that for every isometry i : U — > Y of the 
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Urysohn space U into a Banach space Y such that Oy is in the range of i, there 
is an isometric isomorphism between (U) and the closed hnear span of i"U in Y. 
Very httle is known about the space (U), but it is easy to see that its unit sphere 
embeds isometricahy every separable metric space with diameter less or equal to 2. 
Therefore: 

Theorem 75. The unit sphere of the Holmes space is approximately indivisible. 

Observe that these result do not say that for X — C([0, 1]) or (U), every finite 
partition 7 of the unit sphere Sx of X and every e > 0, there is F e 7 and a closed 
infinite dimensional subspace Y of X such that Sx H Y C (r)^: According to the 
classical results about oscillation stability in Banach spaces, this latter fact is false 
for those Banach spaces into which every separable Banach space embeds linearly, 
and it is known that both C([0, 1]) and (U) have this property. 

On the other hand, these results do not say either that for X = C([0, 1]) or 
(U) the standard action of the surjective isometry group of the unit sphere of X on 
the unit sphere of X is oscillation stable. Indeed, since the unit sphere of X is not 
ultrahomogeneous, the left completion of its surjective isometry group is not the 
entire semigroup of all isometric embeddings. Therefore, it might very well be that 
when a finite coloring of those spheres is given, the embedding which provides an 
almost monochromatic copy is not in the left completion of the surjective isometry 
group. To draw a parallel with Gowers' theorems mentioned previously, this is 
exactly what happens in the case of the unit sphere of cq. 

4.2.1. From indivisibility of Sm to oscillation stability of S. In this section, we 
show how oscillation stability of S follows from indivisibility of the spaces S„i. This 
proof was obtained in collaboration with Jordi Lopcz-Abad, and follows the lines 
of [52] , 

Proposition 21. Let m £ lj be strictly positive. Then S is 1 / m-indivisible. 

Proof. This is obtained by showing that for every strictly positive m G uj, 
there is an isometric copy SJj^ of Sm inside S such that for every S„i C isometric 
to Sm, (S„i)i/m includes an isometric copy of S. This property indeed suffices to 
prove Proposition [2TJ Let x ■ S — > k for some strictly positive k G w. x induces a 
fc-coloring of the copy S"^. By indivisibility of Sm, find i < k and Sm C S*j such 
that X is constant on Sm with value i. But then, in S, (Sm)i/m includes a copy of 
S. So ( X {*})i/m includes a copy of S. 

We now turn to the construction of S,*j. The core of the proof is contained in 
Lemma [25] which we present now. For m G to strictly positive, set 

[0, l]m. := {k/m : fc e {0, . . . , m}}. 

On the other hand, for a G [0, 1], set 

\a]^ = min[a, 1] n [0, 1]™. 

Fix an enumeration {y„ : n e w} of Sq. Also, let Xm be the metric space 
(Sq, ['i^''']^)- The underlying set of Xm is really {y„ : n e w} but to avoid 
confusion, we write it {xn : n € to}, being understood that for every n € uj, 
Xn = Vn- On the other hand, observe that Sm and Xm embed isometricahy into 
each other. 
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Lemma 25. There is a countable metric space Z with distances in [0, 1] and 
including Xm such that for every strictly increasing a : uj — > uj such that Xn ^ 
Xa-(n) is an isometry, {{x^^n) ■ £ '-^})i/m includes an isometric copy of Sq. 

Assuming Lemma 1251 we now show how we can construct SJ^. Z is countable 
with distances in [0, 1] so we may assume that it is a subspace of S. Now, take SJ^ 
a subspace of X„i and isometric to S,n- We claim that S*j works: Let S,„ C SJj^ 
be isometric to S„i. We first show that {Sm)i/m includes a copy of Sq. The 
enumeration {xn : n € uj} induces a linear ordering < of S™ in type lo. According 
to lemma [25l it suffices to show that (Sm, <) includes a copy of {xn ■ n G a;}< seen 
as an ordered metric space. To do that, observe that since embeds isometrically 
into Sm, there is a linear ordering <* of Sm in type lo such that {xn : n € u;}< 
embeds into (S™, <*) as ordered metric space. Therefore, it is enough to show: 

Claim. {Sm,<) includes a copy of {Sm, <*)■ 
Proof. Write 

(Sm, <*) ^ {Sn --n e w}<. 
{Sm, <) ^ {tn ■■ n e W}<. 

Let (t(0) — 0. If cr(0) < • • • < cr(n) are chosen such that Sk i-^ icr(fc) is a finite 
isometry, observe that the following set is infinite 

{i e w : Vfc ^ n d^'"{ta{k),ti) = d^'" (sfc, s„+i)}. 

Therefore, simply take a{n + 1) in that set and larger than a{n). □ 

Observe that since the metric completion of Sq is S, the closure of {Srii)i/m in 
S includes a copy of S. But {Sm)i/m is closed in S, so {Sm)i/m includes a copy of 
S, and we are done. □ 

We now turn to the proof of lemma 1251 Intuitively, here is the idea: First, 
construct a metric space Y,„ defined on the set Sq x {0,1} and where the metric 
d^'" satisfies, for every x,y G Sq: 

i) d^"^{{x,l),{y,l)) = d^'i{x,y), 

ii) dY"((x,o),(y,o)) = [d«n^,y)L, 

iii) d^^^{{x,0),{x,l)) = 1/to. 

The space is really a two-level metric space with a lower level isometric 
to X,„. Note that in Y„i, {'X.m)i/m includes a copy of Sq. So the basic idea to 
construct Z is to start from X,„ and to use some kind of gluing technique to glue 
a copy of Ym on X^ along X^ whenever X^ is a copy of X,„ inside X,„. This 
process adds a copy of Sq inside {'X.m)i/m whenever X,„ C X^ is isometric to X„i. 
There is, however, a delicate part. Namely, the gluing process has to be performed 
in such a way that Z is separable. For example, this restriction forbids the brutal 
use of strong amalgamation, because then, we would go from X^ to Z by adding 
continuum many copies of Sq that are pairwise disjoint and at least 1/m apart. In 
spirit, the way this issue is solved is by allowing the different copies of Sq we are 
adding to intersect using some kind of tree-like pattern on the set of copies X^ 
inside X^. The purpose of what follows is to describe precisely how this can be 
achieved. We first construct the set Z on which the metric space Z is supposed to 
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be based, and then argue that the distance can be obtained as required (Lemmas 
[26l to [30|) . To construct Z, proceed as foUows: For t C uj, write t as the strictly 
increasing enumeration of its elements: 

t = {U:i£ |t|}<. 

Now, let T be the set of all finite nonempty subsets t of uj such that Xn ^— Xt^ 
is an isometry between {x„ : n e \t\} and {xt,^ : n G \t\}. This set T is a tree when 
ordered by end-extension. Let 

Z = X„, U T. 

For z £ Z, define 

z if 2; e Xm, 

•^max 2 if 2: G T, 

Now, consider an edge-labelled graph structure on Z by defining 6 with domain 
dom((5) C Z X Z and range included in [0, 1] as follows: 

• If s, i £ T, then (s, t) G dom((5) iff s and t are <t comparable. In this 
case (recall that : n e is an enumeration of Sq), 

(S(s,i) = d^«(?/|,|_i,y|t|_i). 

• If a;, y £ -'^mj then (x, y) is always in dom((5) and 

S{x,y) = d^'"(a;,y). 

• If t G T and a; G X^, then (x, <) and (t, x) are in dom((5) iff x = 7r(t). In 
this case 

S(x, t) = (5(t, x) = — . 

m 

For a branch 6 of T and i £ lo, let 6(i) be the unique element of b with height 
i in T. Observe that b{i) is an (i -|~ l)-element subset of oj. So: 

i) J(6(i),6(j)) =d^o(?;|fc(,)|_i,y|b(j)|_i) = d^«(y^+i-i,%+i-i) = d^^'^(?;j,yj). 
Observe also that: 

ii) S{Tr{b{i)), TT{b{j))) is equal to any of the following quantities: 

^ (•^max 6(i) J ■''max fc(j) ) — '"(^^ijXj) [d {Ui, yj)~\ nn 

iii) ,5(6(i),7r(&(i)) = 1/m. 

The subspace bU 7r"6 will really play the role of the space Ym we mentioned 
previously. In particular, if 6 is a branch of T, then S induces a metric on b and the 
map from Sq to b mapping yi to b{i) is a surjective isometry. We claim that if we 
can show that 5 can be extended to a metric on Z with distances in [0, 1], then 
Lemma [25] will be proved. Indeed, let 

with a : w — > lo strictly increasing and Xn ^ Xa{n) distance preserving. See the 
range of cr as a branch b of T. Then (6, d'^) = (6, (5) is isometric to Sq and 

6 C (7r"6)i/m = (X„i)i/,„. 

Our goal now is consequently to show that b can be extended to a metric on 
Z with values in [0, 1]. Recall that for x,y £ Z, and n £ ui strictly positive, a path 
from a; to y of size n as is a finite sequence 7 = {zi)i^n such that zq = x, z„_i — y 
and for every z < n — 1 , 

(^i, -Zi+i) e dom((5). 
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For x,y in Z, P[x,y) is the set of all paths from a; to y. If 7 = (zi)i<„ is in 
P{x,y), II7II is defined as: 

n-l 

hll = XI 

1=0 

We are going to show that for every [x, y) G dom(5), every path 7 from a: to y 
is metric, that is: 

(1) J(a;,y) II7II 

This will prove that the required metric can be obtained by setting 

d^{x,y) = min(l,inf{||7||^i : 7 e P{x,y)}). 

Let x,y E Z. Call a path 7 from x to y trivial when 7 — [x, y) and irreducible 
when no proper subsequence of 7 is a non-trivial path from x to y. Finally, say that 
7 is a cycle when (x,?/) € dom((5). It should be clear that to prove that works, 
it is enough to show that the previous inequality ([T]) is true for every irreducible 
cycle. Note that even though 5 takes only rational values, it might not be the case 
for d"^ . We now turn to the study of the irreducible cycles in Z. 

Lemma 26. Let x,y d T. Assume that x and y are not <t- comparable. Let 
7 be an irreducible path from x to y in T . Then there is z €z T such that z <t x, 
z <T y and 7 = (x, z, y). 

Proof. Write 7 — {zi)i^n+i- zi is connected to x so zi is <T-comparable 
with X. We claim that zi <t x : Otherwise, x <t zi and every element of T 
which is <T-comparable with zi is also <T-comparable with x. In particular, Z2 is 
<T-comparable with x, a contradiction since Z2 and x are not connected. We now 
claim that Zi <t y- Indeed, observe that zi <t z^ '■ Otherwise, zi <t zi <t x 
so Z2 <T X contradicting irreducibility. Now, every element of T which is <t- 
comparable with Z2 is also <T-comparable with zi, so no further element can be 
added to the path. Hence Z2 = y and we can take zi = z. □ 

Lemma 27. Every non-trivial irreducible cycle in Xm has size 3. 

Proof. Obvious since 6 induces the metric d^"^ on Xm. □ 

Lemma 28. Every non-trivial irreducible cycle in T has size 3 and is included 
in a branch. 

Proof. Let c = {zi)i^n be a non-trivial irreducible cycle in T. We may assume 
that zq <t Zn-i. Now, observe that every element of T comparable with zq is also 
comparable with z„_i. In particular, zi is such an element. It follows that n — S 
and that zq, zi, Z2 are in a same branch. □ 

Lemma 29. Every irreducible cycle in Z intersecting both Xm and T is sup- 
ported by a set whose form is one of the following ones: 

Proof. Let C be a set supporting an irreducible cycle c intersecting both Xm 
and T. It should be clear that \C fl Xm\ ^ 2: Otherwise since any two points in 
Xm are connected, c would admit a strict subcycle, contradicting irreducibility. 

If C n Xm has size 1, let be its unique element. In c, zq is connected to two 
elements which we denote zi and 03. Note that 2:1,2:3 G T so 7r(zi) — 7r(z3) = zq. 
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Case 1: Case 2: Case 3: 




21,22 Sr 21,22,23 21,22,236 T 

21,22 <T-comparable 22 <T 21, 22 <r 23 22 <r 21, Z'2 <t 23 

20, 23 £ zq G X 20, 24 € X 

20 = t(2i), 23 = 7r(z2) 20 = 7r(zi) = 7r(z;i) zo = t(2i),Z4 = ;r(z3) 



Figure 2. Irreducible cycles 



Since elements in T which are connected never project on a same point, it follows 
that zi,Z3 are <T-incomparable. Now, c induces an irreducible path from zi to 23 
in T so from lemma E51 there is Z2 G C such that Z2 <t zi, zi <t 23, and we are 
in case 2. 

Assume now that C D Xm = {zq, Z4}. Then there are 2:1,23 g C (IT such that 
7r(2i) — Zq and 7r(23) = 24. Note that since zq ^ 24, we must have 21 23. Now, 
CnT induces an irreducible path from 21 to 23 in T. By lemma [26l either 21 and 23 
are compatible and in this case, we are in case 1, or 21 and 23 are <T-incomparable 
and there is 22 in C H T such that 22 <t zi, 22 <t and we are in case 3. □ 

Lemma 30. Every non-trivial irreducible cycle in Z is metric. 

Proof. Let c be an irreducible cycle in Z. If c is supported by then 
by lemma [27] c has size 3 and is metric since 6 induces a metric on Xm ■ If c is 
supported by T, then by lemma [28] c also has size 3 and is included in a branch b 
of T. Since S induces a metric on 6, c is metric. We consequently assume that c 
intersects both Xm and T. According to lemma (291 c is supported by a set C whose 
form is covered by one of the cases 1, 2 or 3. So to prove the present lemma, it is 
enough to show every cycle obtained from a re-indexing of the cycles described in 
those cases is metric. 

Case 1: The required inequalities are obvious after having observed that 

S{zo,z^) = \S{zi,Z2)']j^ and S{zo,zi) = (5(22,23) = — . 

TO 

Case 2: Notice that 6{zo, 21) — S{zo, 23) ~ 1/m. So the inequalities we need to 
prove are 

2 

(2) 5(21,22) =^5(22,23) + — , 

m 
2 

(3) S{z2,Z3) ^ 5(21,22) H . 

m 

By symmetry, it suffices to verify that ^ holds. Observe that since 7r(2i) = 
7r(23) = 20, we must have r'^(zi,22)l„ = ['^(22, ^a)!^- So: 

2 

S{Z1,Z2) r'5(2l,22)l,„ = \S{Z2,Z3)']^ < 5(22,23) + — . 
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Case 3: Observe that d{zo,zi) = 5{z3,Zi) — 1/m, so the inequahties we need 
to prove are 

2 

(4) 6{zi,Z2) S{Z2,Z3) + 6{zo,Z4) •{ , 

m 
2 

(5) S{zo,Z4) S{zi,Z2) + 6{Z2,Z3) -\ . 

m 

For dlD: 

Sizi,Z2) \S{zl,Z2)^^ 

^ (5(7r(zi),7r(z2)) 

(5(zo,7r(z2)) 
< 6{zo,Z4) + S{z4,Tr{z2)) 
= 6{zo,Zi) + \S{z3,Z2)']^ 

2 

^ S{zq, Zi) + (5(z2, Z3) H . 

m 

For dSl): Write zi = &(j), Z3 = Z2 ^^(i) = b'{i). Then zo = 7r(zi) = 

a;max60) and Z4 = tt{zz) = Xmaxb'(fc)- Observe also that 5{zi,Z2) = (f^{yj,yi) and 
that (5(z2,Z3) = (f"i{y„yk). So: 

(5(zo,24) = rf"'^'"(a;max6(j),a;maxfc'(fc)) 

^ (-^inax ; ■^max ) ^~ ^ (■^^max 6' (?) 7 ■^max fc' (fc) ) 

= r<5(zi,Z2)l„+ r<5(z2,Z3)l„ 

^ 5(zi,Z2) + — +(5(Z2,Z3) + — 

m m 
2 

= (5(zi,Z2) +(5(z2,Z3) H . 

m 



□ 



4.2.2. From oscillation stability of S to approximate indivisibility of Sq. The 
purpose of what foUows is to prove that the rational Urysohn sphere is approxi- 
mately indivisible (Theorem [70|). We start with the following proposition. 

Proposition 22. Suppose that 5^ and Sq are two copies of Sq in S such that 
5^ is dense in S. Then for every e > the subspace Sq H {Sq)^ includes a copy of 
Sq. 

Proof. We construct the required copy of Sq inductively. Let {y„ : n e lj} 
enumerate Sq. For fc e cj, set 

" 2^2' 

i=0 

Set also 

_ e 1 
~ 3 2^' 
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Sq being dense in S, choose zo G Sq such that d^{yo,zo) < 5o- Assume now 
that Zo, . ■ . , Zn €: Sq were constructed such that for every k,l 

d^{zk,zi) = d^{yk,yi), 
d^{zk,yk) < 5k- 

Again by denseness of Sq in S, fix ^ e Sq such that 

d^{z,yn+\) < Vn+l- 

Then for every k ^ n, 
\d^{z,Zk) - d^{yn+i,yk)\ = \d^{z,Zk) - d^{zk,yn+i) + d^{zk,yn+i) - d^{yn+i,yk)\ 

< d^{z,yn+i) + d^{zk,yk) 

< Vn+l + Sk 

< Vn+1 + Sn- 

It follows that there is G Sq such that 

Vfc ^ n d^{zn+i,Zk) = d^{yn+i,yk) 

d^{Zn+l,z) < r]n+l+Sn. 

Indeed, consider the map / defined on {zk : fc ^ n} U {z} by: 

r Vfc < n f{zk) = d^{yn+i,yk), 

1 .f{z) = max{|d^(2;,^fe) - d^{yn+i,yk)\ ■■k^n}. 

Claim. / is Katetov. 

Proof. The metric space {yk ■ k ^ n + 1} witnesses that / is Katetov over 
{zk : A; < n} so it suffices to prove that for every k ^ n, 

\f{z) - f{zk)\ ^ d^{z, Zk) ^ f{z) + f{zk). 
Equivalently, for every k ^ n, 

\d^{z,Zk) - f{zk)\ < f{z) < d^{z,Zk) + f{zk). 
There is nothing to do for the left-hand side because by definition of /, we have 

f{z) = max{|d^(^;,^;fc) - f{zk)\ : fc < n}. 
For right-hand side, what we need to show is that for every k,l ^n, 

\d^{z,zi) - d^{yn+i,yi)\ < d^{z,Zk) + d^{yn+l,yk)■ 
Eqmvalently, 

d^{z,zi) - d^{yn+i,yi) ^ d^{z,Zk) + d^{y„+i,yk), 
d^{yn+i,yi) - d^{z,zi) ^ d^{z,Zk)+d^{yn+i,yk)- 
The first inequality is equivalent to 

d^{z,zi) - d^{z,Zk) ^ d^{yn+i^yk) + d^{yn+i,yi). 
But this is satisfied because 

d^{z,zi) - d^{z,Zk) < d^{zi,Zk) = d^{yk,yi) ^ -h y;)- 

Similarly, the second inequality is equivalent to 

d^{yn+i,yi) - d^{yn+i,yk) < d^{z,Zk) + d^{z,zi). 



5. CONCLUDING REMARKS AND OPEN PROBLEMS. 



113 



This holds because 

d^{yn+i,yi) - d^(yn+i,yk) ^ d^{yk,yi) = d^{zk,zi) s$ d^{z, Zk) + d^(z, zi). □ 

The map / being Katetov, consider a point Zn+i G Sq realizing / over the set 
{zk : k ^ n}U {z}. Observe then that 

d^{zn+i,yn+i) s% d^{zn+i, z) + d^{z,y n+l) 

< rjn+l + 5n + rjn+i 

< Sn+1- 

After uj steps, we are left with {2„ : rt G a;} C Sq n (Sq)^ isometric to Sq. □ 

We now show how to deduce of Theorem [70l from Proposition [22l Let £ > 0, 
k & UJ strictly positive and x ■ Sq — > k. Then in S, seeing Sq as a dense subspace: 

i<k 

By oscillation stability of S, there is i < k and a copy S of S included in S such 

that 

S C ((^{*})e/2)e/4. 

Since S includes copies of Sq, and since Sq is dense in S, it follows by Propo- 
sition [22] that there is a copy Sq of Sq in Sq n (S)e/4. Then in Sq 

Sq c ( x{0)s. □ 

5. Concluding remarks and open problems. 

We mentioned several times in this chapter that for the moment, not much is 
known as far as big Ramsey degrees are concerned, so this direction already provides 
a first axis of future research. In fact, this is not particular to metric spaces: Even 
at the more general level of structural Ramsey theory, very little is known. To our 
knowledge, apart from ultrametric spaces, the only cases where a complete analysis 
was carried out correspond essentially to finite linear orderings (Devlin, see section 
11 of [46j or |90j ) and finite graphs (Laflamme-Sauer-Vuksanovic [48]). We should 
also mention at that stage another recent general result, which is closely linked to 
Theorem [67l In |39| . Hjorth proved the following: Let /C be a Frai'sse class with 
Frai'sse limit F whose automorphism group is non-trivial. Let also X be a finite 
substructure of F with |X| ^ 2. Then the action of Aut(F) on Aut(F)/S'tx (where 
S'ix denotes the pointwise stabilizer of X in Aut(F)) is not oscillation stable. With 
respect to big Ramsey degrees, this result is relevant because it implies: 

Theorem 76 (Hjorth [39]). Let K. he a Frai'sse class and X £ JC. Assume that 
\X\ ^ 2 and that X is rigid (ie has a trivial automorphism group). Then the big 
Ramsey degree of X in K. is, when defined, at least 2. 

The rigidity hypothesis is really necessary here: If it is dropped, the usual 
infinite Ramsey theorem provides a counterexample. Note also that when /C is a 
Frai'sse order class, every X in /C is rigid and therefore has a big Ramsey degree 
at least 2 whenever |X| ^ 2. No similar general result is known for upper bounds 
(or even existence) of big Ramsey degrees. Furthermore, even when big Ramsey 
degrees are determined, their explicit computation is not always easy. Ultrametric 
spaces are a good illustration of this phenomenon: For X G Z-/s, we proved that 
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Tug (X) is equal to the number of linear extensions of the tree associated to X in his 
but we did not touch the question of how this number can be computed in practice. 
For graphs, the problem is similar, and it turns out that even in the most simple 
cases, highly non-trivial combinatorial problems appear (see for example |49j ). For 
more about big Ramsey degrees in structural Ramsey theory, see |46j . section 11, 
or f90]. Back to the metric context, here is the question which looks like the most 
reasonable to us: 

Question 3. Let m e a; be strictly positive. Does every X in A^c^njo,™] have a 
big Ramsey degree in 7W„n]o,m]? More generally, if S c]0, +cxd[ is finite and satisfies 
the 4- values condition, does every X in AI5 have a big Ramsey degree in Als? 

When X is the 1-point metric space Ki, this question is closely related to 
indivisibility. However, as mentioned several times already in the body of this 
paper, our belief is not only that Ki has a big Ramsey degree in the class Ms but 
that the related Urysohn spaces U5 are indivisible. We also saw that this belief 
is already supported by several results when extra assumptions are made about S 
(see Theorem [57] and Theorem [62]) . but that the general case remains open. Here 
is therefore the next question: 

Question 4. If S c]0, +00 [ is finite and satisfies the 4- values condition, is U5 
indivisible? 

Our last question is related to the connection between the approximate indivis- 
ibility problems for the sphere §°° and the Urysohn sphere S. We saw indeed that 
the numerous Ramsey-theoretic properties that those two spaces share potentially 
indicated that solving the approximate indivisibility problem for S would lead to a 
better understanding of the result of Odell and Schlumprecht according to which 
§°° is not approximately indivisible. However, we showed with Theorem |69] that at 
the level of approximate indivisibility, and S behave differently. This comment 
leads to: 

Question 5. From a metric point of view, which distinction between §°° and 
S is responsible for the different behaviors regarding approximate indivisibility? 

In particular, where is it that the techniques involved in the proof of approxi- 
mate indivisibility for S fail for S°°? We are currently unable to fully answer that 
question but a first analysis of the problem suggests that whereas the space S is 
easily approximated by a sequence of countable ultrahomogeneous metric spaces 
with finitely distances (namely, the sequence (Sm)mgi^), it may not be the case for 
§°°. Indeed, we saw in Chapter 1 as a consequence of Proposition [8] that the class 
Ss (recall that Ss is the class of all finite metric spaces X with distances in S and 
which embed isometrically into the unit sphere S°° of (.2 with the property that 
{0^2} U X is affinely independent) does not have the strong amalgamation prop- 
erty when S = {k/m : k € {1, . . . ,m}} with m large enough. Therefore, there is 
no countable ultrahomogeneous metric subspace of §°° whose class of finite metric 
subspaces is Ss- In other words, unlike what we did for S, we cannot use the most 
obvious discretization method to approximate §°° with a sequence of spaces with 
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only finitely many distances and whose indivisibility behaviors reflect the behavior 
of S°°. But is there a deeper reason behind that fact? Could it be that there is 
no countable ultrahomogeneous metric space with finitely many distances whose 
divisibility captures the non approximate indivisibility of §°°? The exercise is left 
to the reader. 



Appendix A. Amalgamation classes A4s when 



The purpose of this appendix is to provide a hst of all the amalgamation classes 
Aig when \S\ ^ 4. Thanks to [9J, it is known that Aig is an amalgamation class 
iff S satisfies the 4-values condition. Recall that S satisfies the A-values condition 
when for every sq, si, Sq, s[ e S, if there is t G 5* such that: 

|S0 - fill ^ i S$ So + Sl, ISg - S'll < t ^ Sg + s[, 

then there is u € S" such that: 

6. \S\=3. 

6.1. So < Sl ^ 2so < So + Sl < 2si < S2 {1, 2, 5}. 

For a quadruple (uq, ui, U2, ws) of elements of S, let /(uq, ui, U2, us) be defined 
as the interval: 

I{uo,ui,U2,U3) := [max(|uo - Ui|,|u2 - "al), min(uo + ui, U2 + "3)] 
Call (mo, ui, U2, U3) good if /(mq, ui, U2, W3) n 5 7^ 0. Otherwise, call it fead. 
Define also (wo, mi, M2, U3)* := (^0,1(2,^1,1(3). So S" satisfies the 4-values condition 
iff for every {uq, ui,U2,us) £ S"', (mo, ui,U2, u^) is good iff (mq, 1(1,^2,^3)* is good. 
Also, call a permutation a of {0, f , 2, 3} trivial if: 

V(uo,Ul,W2,M3) e 5"',/(w^(o),'U^(i),U^(2),Uct(3)) = /(-Uo,Wl,U2,U3)- 

Equivalently, cr is trivial when cr"{0, 1} £ {{0, f }, {2, 3}}. Now, set: 
A := {|s - s'l : s, s' e S-} B := {s + s' : s, s' G S"}. 

Here, A = {1, 3, 4}, while B = {2, 3, 4}UC with C C [5, +oo[. For every interval 
[a, b] where a^A,bGB\C and such that [a, 6] fl 5* = 0, we find all the quadruples 
(wo, Wi, U2: U3) (up to trivial permutation) such that I{uo, ui, U2, U3) = [a, b]. Up to 
a trivial permutation, this allows to find all the bad quadruples. In the present case, 
here is the list of all intervals [a, b] where a & A,b & B and such that [a, 6] n S* = 0, 
together with the quadruples (mq, wi, U2, M3) such that /(mq, ui, M2, M3) = [o.,b]. 

[3,2] (2,5,1,1) 
[3,3] (2,5,1,2) 
[3,4] (2,5,2,2) 
[4,2] (1,5,1,1) 
[4,3] (1,5,1,2) 
[4,4] (1,5,2,2) 

Now, let T be the transposition of {0,1,2,3} permuting 1 and 2. Let also T 
be the set of all trivial permutations of {0,1,2,3}. Observe that T Li {r} gen- 
erates the whole group of permutations of {0,1,2,3}. Thus, we have to check 
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that the set of bad quadruples is closed under all permutations. In practice, how- 
ever, note that given any permutation a of {0,1,2,3}, (wcr(o))W(T(i),w<T(2)5'W<j(3)) is 
equal to (uo, ui, U2, ws), to (uo, wi, "2, ws)* = (wo, "2, wi, us) or to (uo, wi, W2, wa)* = 
(mo, Ms, U2, Ml) up to trivial permutation. Thus, it suffices to show that for every 
bad quadruple (uq, mi, M2, Ms) above, (mq, ui, U2, w-s)* and (w-o, ^i, U2, Ms)* are also 
bad. Observe also that there are some cases where checking only (mq, mi, M2, ms)* or 
(mo. Ml, '(t2, Ma)* is enough. For example, if mq = mi, checking that (mq, M2, mi, M3)* 
is bad is sufficient. There are even cases where there is nothing to check, namely 
when all but one of the Mj's are equal. Here, if w denotes equality modulo a trivial 
permutation: 

(2.5.1.1) * = (2,1,5,1)«(1,5,1,2) 

(2.5.1.2) , = (2, 2,1,5) « (1,5, 2, 2) 
(1,5,1,2)* = (1,1,5,2)^(2,5,1,1) 
(1, 5, 2, 2)* = (1, 2, 5, 2) « (1,5, 1,2) 

It follows that S satisfies the 4-values condition. 

6.2. So < 2so < si < S2 < So + si < 2si {1, 3, 4}. 

A = {1,2, 3}, B = {2}UC, Cc[4,+oo[. 

[2,2] (1,3,1,1) 
[3,2] (1,4,1,1) 

{1,3,4} satisfies the 4-values condition. 

6.3. So < 2so < si < sq + si < S2 < 2si {1, 3, 6}. 

A = {2, 3, 5}, S = {2,4}UC, Cc[6,-|-oo[. 

[2,2] (1,3,1,1) 

[3,2] (3,6,1,1) (3,6,1,1)* 

[5,2] (1,6,1,1) 

[5,4] (1,6,1,3) (1,6,1,3)* 

{1,3,6} satisfies the 4-values condition 

7. \S\ = 4. 

For |5| — 4, there arc more cases to consider. Recall that for |5| = 3, the 
sets we had to check with the 4-values criterion were provided by the following 
inequalities: 

(la) So < si < S2 ^ 2so < So + si < 2si 
(lb) So < si ^ 2so < S2 ^ So + si < 2si 
(Id) So < si < 2so < So -|- si < 2si < S2 
(2a) So < 2so < si < S2 < So -I- si < 2si 
(2b) So < 2so < si < So -I- si < S2 < 2si 
(2c) So < 2so < si < So -I- si < 2si < S2 

We look at how so -|- S2, si + S2 and 2s2 may be inserted in these chains: 
For (la): 

So < Sl < S2 < 2so < So -|- Si < So -|- S2 < 2si < Si -|- S2 < 2S2 
So < Si < S2 < 2so < So -I- Sl < 2si < So -h S2 < Sl -I- S2 < 2S2 



= (3,1,6,1)^(1,6,1,3) 
= (1,1, 6, 3)^(3,6,1,1) 



7. \S\ = 4. 
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For (lb): 

So < Si < 2so < S2 < So + Sl < So + S2 < 2si < Si + S2 < 2S2 
So < Si < 2so < S2 < So + Sl < 2si < So + S2 < Sl + S2 < 2S2 

For (Id): 

So < Sl < 2so < So + Sl < 2si < S2 < So + S2 < Sl + S2 < 2S2 

For (2a): 

So < 2so < Sl < S2 < So + Sl < So + S2 < 2si < Sl + S2 < 2S2 
So < 2so < Sl < S2 < So + Sl < 2si < So + S2 < Sl + S2 < 2S2 

For (2b): 

So < 2so < Sl < So + Sl < S2 < So + S2 < 2si < Sl + S2 < 2S2 
So < 2so < Sl < So + Sl < S2 < 2si < So + S2 < Sl + S2 < 2S2 

For (2c): 

So < 2so < Sl < So + Sl < 2si < S2 < So + S2 < Sl + S2 < 2S2 

We now insert S3 in these chains and check if the 4-values condition holds for 
aU the corresponding sets. 

7.1. So < Sl < S2 < 2so < So + Sl < So + S2 < 2si < Sl + S2 < 2s2 {5, 7, 8}. 

7.1.1. S2 < S3 sC 2so {5,7,8,11}. 

No metric restriction. S satisfies the 4-values condition. 

7.1.2. 2so < S3 < So + Sl {5, 7, 8, 11}. 

A c [0,6], B c [10,+oo[. 
No bad quadruple. S satisfies the 4-values condition. 

7.1.3. so-l-si < S3 < S0 + S2 {5,7,8,13}. 

A c [0,8], B c [10,+oo[. 
No bad quadruple. S satisfies the 4-values condition. 

7.1.4. S0 + S2 < S3 < 2si {5,7,8,14}. 

(5, 14, 5, 7) is a bad quadruple while (5, 14, 5, 7)* = (5, 5, 14, 7) is not. S does 
not satisfy the 4-values condition. 

7.1.5. 2si < S3 ^ Sl -h S2 {5,7,8,15}. 

(5, 15, 5, 7) is a bad quadruple while (5, 15, 5, 7)* = (5, 5, 15, 7) is not. S does 
not satisfy the 4-values condition. 
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7.1.6. Si + S2 < S3 2s2 {5, 7, 8, 16}. 

(7, 16, 7, 8) is a bad quadruple while (7, 16, 7, 8)* = (7, 7, 16, 8) is not. S does 
not satisfy the 4- values condition. 

7.1.7. 2s2 < S3 {5,7,8,17}. 

S — S' VJ {t} where S' satisfies the 4- values condition and 2niaxS" < t. It is 
easy to check that the 4- values condition is always satisfied in such a situation. 

7.2. So < si < S2 < 2so < So + si < 2si < so + S2 < si + S2 < 2s2 {5, 6, 9}. 

7.2.1. S2 < S3 < 2so {5,6,9,10}. 

No metric restriction. S satisfies the 4-values condition. 

7.2.2. 2so < S3 ^ So + si {5, 6, 9, 11}. 

S2 does not appear in any non-metric triangle with labels in S. 4-values condi- 
tion is satisfied. 

7.2.3. so + si<S3^2si {5,6,9,12}. 

Same as previous case. 4-values condition is satisfied. 

7.2.4. 2si < S3 s$ S0 4-S2 {5,6,9,14}. 

Same as previous case. 4-values condition is satisfied. 

7.2.5. So S2 < S3 < si + S2 {5, 6, 9, 15}. 

{5, 6, 9, 15} ^ {5, 7, 8, 15}. So according to l7.1.5| S does not satisfy the 4-values 
condition. 

7.2.6. si+S2<S3^2s2 {5,6,9,18}. {5, 6, 9, 18} ~ {5, 7, 8, 16}. So according 
to l7.1.61 S does not satisfy the 4-values condition. 

7.2.7. 2s2< S3 {5,6,9,19}. 

{5, 6, 9, 19} ~ {5, 7, 8, 17}. So according to l7.1.71 S satisfies the 4-values condi- 
tion. 

7.3. sq < si < 2so < S2 < So + si < so + S2 < 2si < si + S2 < 2s2 {4, 7, 9}. 

7.3.1. S2 < S3 < So si {4, 7, 9, 11}. 

si does not appear in any non-metric triangle with labels in S. 4-values condi- 
tion is satisfied. 

7.3.2. So + si < S3 < so + S2 {4, 7, 9, 12}. 

{4, 7, 9, 13} K, {1, 2, 3, 4}, and 4-values condition is satisfied as {1, 2, 3, 4} is an 
initial segment of a set which is closed under sums. 



7. |S| = 4. 
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7.3.3. so + S2<S3^ 2si {4, 7, 9, 14}. 

(4, 14, 4, 7) is a bad quadruple while (4, 14, 4, 7)* = (4, 4, 14, 7) is not. S does 
not satisfy the 4- values condition. 

7.3.4. 2si<s3^si + S2 {4,7,9,16}. 

(4, 16, 4, 7) is a bad quadruple while (4, 16, 4, 7)* = (4, 4, 16, 7) is not. S does 
not satisfy the 4-values condition. 

7.3.5. si + S2 < S3 ^ 2s2 {4, 7, 9, 18}. 

(7, 18, 4, 9) is a bad quadruple while (7, 18, 4, 9)* = (7, 4, 18, 9) is not. S does 
not satisfy the 4-values condition. 

7.3.6. 2s2 < S3 {4,7,9,19}. 

4-values condition is satisfied as = S" U {t} with S' satisfying the 4-values 
condition and 2maxS" < t. 

7.4. So < si < 2so < S2 < So + si < 2si < so + S2 < si + S2 < 2s2 {8, 14, 21}. 

7.4.1. S2<S3<so + si {8,14,21,22}. 

Si does not appear in any non-metric triangle with labels in S. 4-values condi- 
tion is satisfied. 

7.4.2. So + si < S3 ^ 2si {8,14,21,28}. 

{8, 14, 21, 28} - {4, 7, 9, 12}. Thus, according tolLMl S satisfies the 4-values 
condition. 

7.4.3. 2si < S3 s$ So + S2 {8, 14, 21, 29}. 

(14,29,8,8) is a bad quadruple while (14,29,8,8)* = (14,8,29,8) is not. S 
does not satisfy the 4-values condition. 

7.4.4. So + S2 < S3 s$ si + S2 {8, 14, 21, 35}. 

{8, 14, 21, 35} ~ {4, 7, 9, 16}. Thus, according to rm S does not satisfy the 
4-values condition. 

7.4.5. si -h S2 < S3 < 2s2 {8,14,21,42}. 

{8, 14, 21, 42} ~ {4, 7, 9, 18}. According to I7.3.5| S consequently does not sat- 
isfy the 4-values condition. 

7.4.6. 2s2 < S3 {8,14,21,43}. 

4-values condition is satisfied as S* = S" U {t} with S' satisfying the 4-values 
condition and 2niaxS" < t. 
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7.5. So < Si < 2so < So + Si < 2si < S2 < so + S2 < si + S2 < 2s2 {2, 3, 7}. 
7.5.1. S2 < S3 < S0 + S2 {2,3,7,9}. 

^ = {1,2,4,5,6,7}, B = {4,5,6}UC, Cc[9,+oo[. 



4,4] 


(3,7,2,2) 


(3, 7, 2, 2)* — 


(3,2,2,7)s 


.(2,7,2,3) 


4,5] 


(3,7,2,3) 


(3,7,2,3)* = 


(3,3,2,7)p 


=^ (2,7,3,3) 


4,6] 


(3,7,3,3) 








5,4] 


(2,7,2,2) 








5,5] 


(2,7,2,3) 


(2,7,2,3)*- 


(2,2,7,3) s 


.(3,7,2,2) 


5,6] 


(2,7,3,3) 


(2,7,3,3)* = 


(2,3,7,3)s 


.(3,7,2,3) 


6,4] 


(3,9,2,2) 


(3,9,2,2)* = 


(3,2,9,2)s 


.(2,9,2,3) 


6,5] 


(3^ 9^ 2j 3) 


(3, 9, 2, 3)* = 


(3,3,2,9)?= 


.(2,9,3,3) 


6,6] 


(3,9,3,3) 








7,4] 


(2,9,2,2) 








7.5] 


(2,9,2,3) 


(2,9,2,3)* = 


(2,2,9,3)s 


.(3,9,2,2) 


7,6] 


(2.9,3,3) 


(2,9,3,3)* = 


(2,3,9,3)^ 


.(3,9,2,3) 



S = {2, 3, 7, 9} satisfies the 4- values condition. 

7.5.2. So + S2 < S3 < si + S2 {2, 3, 7, 10}. 

(2, 10, 2, 7) is a bad quadruple while (2, 10, 2, 7)* = (2, 2, 10, 7) is not. S does 
not satisfy the 4- values condition. 

7.5.3. si + S2 < S3 < 2s2 {2, 3, 7, 14}. 

A = {1,4,5,7,11,12}, S = {4,5,6,9,10}UC, Cc[14,+oo[. 



[4,4] 


(3,7,2,2) 


(3,7,2,2)* = 


= (3, 2, 7, 2) P. 


(2,7,2,3) 


[4,5] 


(3,7,2,3) 


(3, 7, 2, 3):(( = 


= (3,3,2,7)« 


(2,7,3,3) 


[4,6] 


(3,7,3,3) 








[5,4] 


(2,7,2,2) 








[5,5] 


(2,7,2,3) 


(2,7,2,3)* = 


= (2,2,7,3)« 


(3,7,2,2) 


[5,6] 


(2,7,3,3) 


(2,7,3,3)* = 


= (2,3,7,3)« 


(3,7,2,3) 


[7,4] 


(7, 14,2,2) 


(7,14,2,2)* 


= (7,2,14,2) 


-(2,14,2,7 


[7,5] 


(7, 14,2,3) 


(7,14,2,3)* 


= (7,2,14,3) 


~ (3,14,2,7 






(7,14,2,3)* 


= (7,3,2,14) 


« (2, 14, 3, 7 


[7,6] 


(7, 14,3,3) 


(7,14,3,3)* 


= (7,3,14,3) 


« (3, 14, 3, 7 


[11,4] 


(3,14,2,2) 


(3,14,2,2)* 


= (3,2,14,2) 


~ (2,14,2,3 


[11,5] 


(3,14,2,3) 


(3,14,2,3)* 


= (3,3,2,14) 


«.(2,14,3,3 


[11,6] 


(3, 14,3,3) 








[11,9] 


(3, 14,2,7) 


(3,14,2,7)* 


= (3,2,14,7) 


«(7, 14,2,3 






(3,14,2,7)* 


= (3,7,2,14) 


« (2, 14, 3, 7 


[11,10] 


(3, 14,3,7) 


(3,14,3,7)* 


= (3,3,14, 7) 


« (7, 14, 3, 3 


[12,4] 


(2,14,2,2) 








[12,5] 


(2,14,2,3) 


(2,14,2,3)* 


= (2,2,14,3) 


«.(3,14,2,2 


[12,6] 


(2,14,3,3) 


(2,14,3,3)* 


= (2,3,14,3) 


« (3, 14, 2, 3 


[12,9] 


(2,14,2,7) 


(2,14,2,7)* 


= (2,2,14,7) 


«(7, 14,2,2 


[12, 10] 


(2,14,3,7) 


(2,14,3,7)* 


= (2,3,14,7) 


«(7, 14,2,3 






(2,14,3, 7)* 


= (2,7,3, 14) 


« (3, 14, 2, 7 



7. \S\ = 4. 

S = {2, 3, 7, 14} satisfies the 4-values condition. 
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7.5.4. 2s2 < S3 {2,3,7,15}. 4-values condition is satisfied as 5 = S" U {t} 
with S' satisfying the 4-values condition and 2 max S' < t. 

7.6. So < 2so < si < S2 < So + si < So + S2 < 2si < si + S2 < 2s2 {2, 6, 7}. 

7.6.1. S2 < S3 < So + si {2,6,7,8}. 

A = {1, 2, 4, 5, 6}, B = {4} U C, C C [8, +(X)[. 

[4,4] (2,6,2,2) 
[5,4] (2,7,2,2) 
[6,4] (2,8,2,2) 

S = {2, 6, 7, 8} satisfies the 4-values condition. 



7.6.2. So + si < S3 < So + S2 {2, 6, 7, 9}. 

(6, 9, 2, 2) is a bad quadruple while (6, 9, 2, 2)* = (6, 2, 9, 2) is not. 5 does not 
satisfy the 4-values condition. 



7.6.3. So + S2 < S3 < 2si {2, 6, 7, 12}. 



A = 


{1,4,5,6, 10} 


[4,4] 


(2,6,2,2) 


[5,4] 


(2,7,2,2) 




(7,12,2,2) 


[6,4] 


(2,8,2,2) 




(6,12,2,2) 


[10,4] 


(2,12,2,2) 


[10,8] 


(2,12,2,6) 


[10,9] 


(2,12,2,7) 



(7,2,12,2)^(2,12,2,7) 

(6, 2, 12, 2) « (2, 12, 2, 6) 

(2,2,12,6)^(6,12,2,2) 
(2, 2, 12, 7) « (7, 12, 2, 2) 



{2, 6, 7, 12} satisfies the 4-values condition. 



7.6.4. 2si < S3 s; si + S2 {2,6,7,13}. 

(2, 13, 6, 6) is a bad quadruple while (2, 13, 6, 6)* = (2, 6, 13, 6) is not. S does 
not satisfy the 4-values condition. 



7.6.5. si + S2 < S3 < 2s2 {2, 6, 7, 14}. 

(6, 14, 2, 7) is a bad quadruple while (6, 14, 2, 7)* = (6, 2, 14, 7) is not. S does 
not satisfy the 4-values condition. 



7.6.6. 2s2 < S3 {2,6,7,15}. 

4-values condition is satisfied as 5 = 5" U {t} with S' satisfying the 4-values 
condition and 2 max S' < t. 
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7.7. So < 2so < Si < S2 < So + Si < 2si < so + S2 < Si + S2 < 2S2. 

This chain of inequahties is not consistent: If S2 ^ so + si and 2si ^ so + S2 
then Si < 2so. 

7.8. So < 2so < si < So + si < S2 < So + S2 < 2si < si + S2 < 2s2 {1, 4, 6}. 
7.8.1. S2<S3<so + S2 {1,4,6,7}. 



A 


= {1,2,3,5, 


6},S = {2,5}UC, Cc[7,+oo[. 


[2,2] 


(4,6,1,1) 


(4,6,1,1)* = 


(4,l,6,l)s 


.(1,6,1,4) 


[3,2] 


(4,7,1,1) 


(4,7,1,1)* = 


(4,l,7,l)s 


.(1,7,1,4) 




(1,4,1,1) 








[5,2] 


(1,6,1,1) 








[5,5] 


(1,6,1,4) 


(1,6,1,4)* = 


(l,l,6.4)s 


.(4,6,1,1) 


[6,2] 


(1,7,1,1) 








[6,5] 


(1,7,1,4) 


(1,7,1,4)* = 


(1,1,7,4)^ 


.(4,7,1,1) 



S* = {1, 4, 6, 7} satisfies the 4- values condition. 
7.8.2. So + S2 < S3 < 2si {1,4,6,8}. 



A = 


{2,3,4,5,7}, B = {2,5,7}UC, Cc[8,+(X)[. 


[2,2] 


(4,6,1,1) 


(4,6,1,1)* = 


(4,1,6,1)^ 


.(1,6,1,4) 




(6,8,1,1) 


(6,8,1,1)* = 


(6,1,8,1)^ 


.(1,8,1,6) 


[3,2] 


(1,4,1,1) 








[4,2] 


(4,8,1,1) 


(4,8,1,1)* = 


(4,1,8,1)^ 


.(1,8,1,4) 


[5,2] 


(1,6,1,1) 








[5,5] 


(1,6,1,4) 


(1,6,1,4)* = 


(1,1,6,4) s 


.(4,6,1,1) 


[7,2] 


(1,8,1,1) 








[7,5] 


(1,8,1,4) 


(1,8,1,4)* = 


(l,l,8,4)s 


.(4,8,1,1) 


[7,7] 


(1,8,1,6) 


(1,8,1,6)* = 


(1,1,8,6)P 


.(6,8,1,1) 



5 = {1, 4, 6, 8} satisfies the 4- values condition. 
7.8.3. 2si<S3<si+S2 {1,4,6,10}. 



A = 


{2,3,4,5,6,9}, B = {2,5,7,8}UC, Cc[10,+oo[. 


[2,2] 


(4,6,1,1) 


(4,6,1,1)* = 


= (4, 1,6,1) P. 


(1,6,1,4) 


[3,2] 


(1,4,1,1) 








[4,2] 


(6,10,1,1) 


(6.10,1.1)* 


= (6.1,10,1) 


-(1,10,1,6) 


[5,2] 


(1,6,1,1) 








[5,5] 


(1,6,1,4) 


(1,6,1,4)* = 


= (1,1,6,4)« 


(4,6,1,1) 


[6,2] 


(4,10,1,1) 


(4,10,1,1)* 


= (4,1,10,1) 


-(1,10,1,4) 


[6,5] 


(4,10,1,4) 


(4, 10,1,4), 


= (4,4,1,10) 


« (1,10,4,4) 


[9,2] 


(1,10,1,1) 








[9,5] 


(1,10,1,4) 


(1,10,1,4)* 


= (1,1,10,4) 


« (4, 10, 1,1) 


[9,7] 


(1,10,1,6) 


(1,10,1,6)* 


= (1,1,10,6) 


s. (6, 10, 1,1) 


[9,8] 


(1,10,4,4) 


(1,10,4,4)* 


= (1,4,10,4) 


« (4,10,1,4) 



S = {1, 4, 6, 10} satisfies the 4-values condition. 



7. |S| = 4. 
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7.8.4. si + S2 < S3 2s2 {1,4,6,12}. 

(4,12,4,6) is a bad quadruple while (4,12,4,6)* = (4,4,12,6) is not. S does 
not satisfy the 4- values condition. 



7.8.5. 2s2 < S3 {1,4,6,13}. 

4-values condition is satisfied as = S" U {t} with S' satisfying the 4-values 
condition and 2maxS" < t. 



7.9. So < 2so < si < So + si < S2 < 2si < sq + S2 < si + S2 < 2s2 {2, 5, 9}. 
7.9.1. S2 < S3 < 2si {2, 5, 9, 10}. 

{2,5,9,10} ^ {1,4,6,7}. Thus, according to [TXTl S satisfies the 4-values 
condition. 



7.9.2. 2si < S2 s$ So + S2 {2,5,9,11}. 

(5, 11, 2, 5) is a bad quadruple while (5, 11, 2, 5), = (5, 5, 2, 11) is not. S does 
not satisfy the 4-values condition. 



7.9.3. SO -f S2 < S3 ^ si + S2 {2, 5, 9, 14}.^ 

{2, 5, 9, 14} ^ {1, 4, 6, 10} so according to I7.8.3| 5* satisfies the 4-values condi- 
tion. 



7.9.4. si +S2 < S3 2s2 {2,5,9,18}. 

(5, 18, 5, 9) is a bad quadruple while (5, 18, 5, 9)* = (5, 5, 18, 9) is not. S does 
not satisfy the 4-values condition. 



7.9.5. 2s2 < S3. 

4-values condition is satisfied as S* = S" U {t} with S' satisfying the 4-values 
condition and 2maxS" < t. 



7.10. So < 2so < si < So + si < 2si < S2 < so + S2 < si + S2 < 2s2 {1, 3, 7}. 
7.10.1. S2 < S3 S0 + S2 {1,3,7,8}. 



^ = {1,2,4,5,6,7}, B = {2,4,6}UC, Cc[8,-foo[. 



APPENDIX A. AMALGAMATION CLASSES Ms WHEN |S| ^ 4. 



[2,2] 


(1,3,1,1) 








[4,2J 


(3,7,1,1) 


(3,7,1,1) = 


(3,1,7,1) s 


- (1,7, 1,3) 


[4,4] 


(3,7, 1,3) 


(3,7, 1,3)* = 


(3,3,1,7) s 


s (1,7,3,3) 


[4,0] 


(3,7,3,3) 








[5,2] 


(3,8,1,1) 


(3,8,1,1)* = 


(3,l,8,l)s 


.(1,8,1,3) 


[5,4] 


(3,8,1,3) 


(3, 8, 1, 3)* = 


(3, 3,1, 8) P 


a (1,8,3,3) 


[5,6] 


(3,8,3,3) 








[6,2] 


(1,7,1,1) 








[6.4] 


(1,7,1,3) 


(1,7,1,3)* = 


(l,l,7,3)s 


.(3,7,1,1) 


[6.6] 


(1,7,3,3) 


(1,7,3,3)* = 


(l,3,7,3)s 


.(3,7,1,3) 


[7,2] 


(1,8,1,1) 








[7.4] 


(1,8,1,3) 


(1,8,1,3)* = 


(l,l,8,3)s 


.(3,8,1,1) 


[7,6] 


(1,8,3,3) 


(1,8,3,3)* = 


(1,3,8,3) s 


.(3,8,1,3) 



S = {1, 3, 7, 8} satisfies the 4-values condition. 



7.10.2. So + S2 < S3 < si + S2 {1, 3, 7, 10}. 



^ = {2,3,4,6,7,9}, S = {2,4,6,8}UC, Cc[10,+oo[. 



[2,2] 
[3,2] 
[4,2] 
[4,4] 
[4,6] 
[6,2] 
[6,4] 
[6,6] 
[7,2] 
[7,4] 
[7,6] 
[9,2] 
[9,4] 
[9,6] 
[9,8] 



1,3,1,1) 

7,10,1,1) 

3,7,1,1) 

3,7,1,3) 

3,7,3,3) 

1,7,1,1) 

1,7,1,3) 

1,7,3,3) 

3,10,1,1) 

3,10,1,3) 

3,10,3,3) 

1,10,1,1) 

1,10,1,3) 

1,10.3,3) 

1,10,1,7) 



(7, 10, 1,1)* = (7, 1,10,1)^.(1,10, 1,7) 
(3,7,1,1)* = (3,1,7,1)«(1,7,1,3) 
(3, 7, 1,3)* = (3,3,1,7)^(1,7, 3, 3) 



(1,7,1,3)* = 
(1,7,3,3)* = 
(3,10,1,1)* 
(3, 10,1,3)* 



(1,10,1,3)' 
(1.10,3.3)' 
(1,10,1,7)' 



(1, 1,7, 3) « (3,7,1,1) 
(1, 3, 7, 3) « (3,7,1,3) 
= (3,1,10,1)«.(1,10,1,3) 
= (3, 3, 1,10)^(1,10,3, 3) 



(1,1,10,3) 
(1.3,10.3) 
(1,1,10,7) 



(3,10,1,1) 
(3.10,1,3) 
(7,10,1,1) 



5 = {1, 3, 7, 10} satisfies the 4-values condition. 



7.10.3. si + S2 < S3 < 2s2 {1, 3, 7, 14}. 



A = {2,4,6,7,11,13}, B = {2,4,6,8,10}UC, Cc[14,+oo[. 



7. \S\ = 4. 
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[2,2] 


(1,3,1,1) 








[4,2] 


(3,7,1,1) 


(3,7,1,1)* = 


= (3,1,7,1) « 


(1,7,1,3) 


[4,4] 


(3,7, 1,3) 


(3, 7, 1, 3)* = 


= (3,3,1,7) 


(1,7,3,3) 


[4, 6] 


(3, 7, 3, 3) 








[6,2] 


(1,7,1,1) 








[6,4] 


(1,7, 1,3) 


(1,7,1,3) = 


= (1,1,7,3) « 


T 1 1 \ 

(3,7,1,1) 


[6,6] 


(1,7,3,3) 


(1,7,3,3)* = 


= (1,3,7,3) « 


(3,7,1,3) 


[7, 2] 


(7, 14, 1, 1) 


1/1 1 l\* 

(7,14,1,1)* 


= (7,1,14,1) 


~ (1,14,1,7 


[7,4] 


^'T A A 1 0\ 

(7,14,1,3) 


1/1 1 o^* 
(7,14,1,3) 


= (7,1,14,3) 


^ , / O 1/1 1 T 

« (3,14,1,7 






(7, 14, 1,3)* 


o 1 1 /I ^ 
= (7,3,1,14) 


^ , / 1 1/1 O T 

« (1,14,3,7 


[7, 6] 


(7, 14, 3, 3) 


(7,14,3,3)* 


= (7, 3, 14, 3) 


~ (3, 14, 3, 7 


[11,2] 


(3,14,1,1) 


/o 1/1 1 iN* 

(3,14,1,1)* 


= (3,1,14,1) 


~ (1,14,1,3 


[11,4] 


(3, 14, 1, 3) 


(3,14,1,3)* 


= (3, 3, 1, 14) 


« (1, 14, 3, 3 


[11,6] 


/O A A O 0\ 

(o, 14, 0, 








[11,8] 


(3,14,1,7) 


(3,14,1,7)* 


= (3,1,14,7) 


«(7, 14,1,3 






(3, 14,1,7)* 


= (3,7,1,14) 


« (1,14,3,7 


[11,10] 


(3,14,3,7) 


(3, 14,3,7)* 


= (3,3,14, 7) 


w (7, 14,3,3 


[13,2] 


(1,14,1,1) 








[13,4] 


(1,14,1,3) 


(1,14,1,3)* 


= (1,1,14,3) 


« (3, 14, 1,1 


[13,6] 


(1,14,3,3) 


(1,14,3,3)* 


= (1,3,14,3) 


~ (3,14,1,3 


[13,8] 


(1,14,1,7) 


(1,14,1,7)* 


= (1,1,14,7) 


~(7, 14,1,1 


[13, 10] 


(1,14,3,7) 


(1,14,3,7)* 


= (1,3,14,7) 


-(7,14,1,3 






(1,14,3,7)* 


= (1,7,3, 14) 


« (3, 14, 1,7 



5 = {1, 3, 7, 14} satisfies the 4- values condition. 



7.10.4. 2s2 < S3 {1,3,7,15}. 

4-values condition is satisfied as 5 = S" U {t} with S' satisfying the 4-values 
condition and 2 max S' < t. 



Appendix B. Indivisibility of U5 when l^l ^ 4. 



The purpose of this Appendix is to show that for \S\ = 4 and satisfying the 
4-values condition, the space Us is indivisible. The main ingredients of the proofs 
are indivisibihty of Ug when \S\ ^ 3, Milhken's theorem (theorem [54]) and Sauer's 
theorem (theorem I56p . In what foUows, the numbering of the cases corresponds to 
the sections in Appendix A. 

2.1.1. {5,7,8,10} 

Us can be seen as a complete version of the Rado graph with four kinds of 
edges. An easy variation of the proof working for the Rado graph shows that this 
space is indivisible. 

2.1.2. {5,7,8,11} 

8 does not appear in any non-metric triangle with labels in 5*. Thus, Us is 
indivisible thanks to Sauer's theorem. 

2.1.3. {5,7,8,13} 
Same as previous case. 

2.1.7. {5,7,8,17} 

Us is composed of countably many disjoint copies of U|5 7 gj and the dis- 
tance between any two points not in the same copy of U{5 7 gi, is always 17. The 
indivisibility of U{5 7 gj consequently implies that Us is indivisible. 

2.2.1. {5,6,9,10} 

{5, 6, 9, 10} ^ {5, 7, 8, 10}, so Us is isomorphic to the space in 2.1.1 and hence 
indivisible. 

2.2.2. {5,6,9,11} 

9 does not appear in any non-metric triangle with labels in S. Thus, Us is 
indivisible thanks to Sauer's theorem. 

2.2.3. {5,6,9,12} 
Same as previous case. 

2.2.4. {5,6,9,13} 
Same as previous case. 

2.2.7. {5,6,9,19} 
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APPENDIX B. INDIVISIBILITY OF Us WHEN |S| ^ 4. 



{5, 6, 9, 19} ~ {5, 7, 8, 17}, so Us is isomorphic to the space in 2.1.7 and hence 
indivisible. 

2.3.1. {4,7,9,11} 

7 does not appear in any non-metric triangle with labels in S. Thus, Us is 
indivisible thanks to Sauer's theorem. 

2.3.2. {4,7,9,13} 

{4, 7, 9, 13} ~ {1, 2, 3, 4} so essentially, Us is U4. Thus, Us is indivisible. 
2.3.6. {4,7,9,19} 

Us is composed of countably many disjoint copies of U{4_7_9} and the dis- 
tance between any two points not in the same copy of \J{4,^7^9} is always 19. The 
indivisibility of U{4 7 gj consequently implies that Us is indivisible. 

2.4.1. {8,14,21,22} 

14 does not appear in any non-metric triangle with labels in S. Thus, Us is 
indivisible thanks to Sauer's theorem. 

2.4.2. {8,14,21,28} 

Elements in Ads are isomorphic to elements in Ais' with S' as in 2.3.2. This 
case is consequently equivalent to indivisibility of U4 and Us is indivisible. 

2.4.6. {8,14,21,43} 

Us is composed of countably many disjoint copies of U{8, 14,21} and the distance 
between any two points not in the same copy of U{8,i4,2i} is always 43. The 
indivisibility of U^g, 14,21} consequently implies that Us is indivisible. 

2.5.1. {2,3,7,9} 

The proof of indivisibility for Us is a simple adaptation of the proof of indivis- 
ibility of U{i^3,4j.: Fix an w-linear ordering < on 2<" extending the tree ordering 
and consider the following graph structure on 2^'^: 

\/s<te 2<'^ {s,t} eE^ (|s| < |i|,i(|s|) = 1). 

Now, define d on the set [2<"]2 of pairs of 2<'^ as follows: Let {s, t}<, {s', i'}< 
be in [2<"]2. Then d{{s,t}<, {s' ,t'}<) is: 

' 2 if .s = s' and {t, f'} G E. 

3 if s = s' and {t, t'} ^ E. 

' 7 if s ^ s' and {t, t'} e E. 

9 if s ^ s' and {t,/} ^ E. 

One can check that d is a metric. Since d takes its values in {2,3,7,9}, 
([2<'^]^,rf) embeds into Us- We now show that Us embeds into the subspace 
X of ([2<'^]2, d) supported by the set 

X = {{s,i}< e [2<-]2 : |s| < \t\, s <zex t, ti\s\) = 0}. 

The embedding is constructed inductively. Let {xn : n S w} be an enumeration 
of Us- We are going to construct a sequence ({s„,t„})„£„ of elements in X such 
that 

Vm, new d{{s, t}<, {s', i'}<) = d^^ {xm, Xn)- 
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For {so, to}<, take sq = and to — 0. Assume now that {so, to}<, • ■ • , {sn, tn}< 
are constructed such that aU the elements of {so, . . . , Sn}U{to, • ■ • , tn} have different 
heights and aU the s^'s are strings of O's. Set 

A/ = {m n : (F^{x^,Xn+i) € {2,3}}. 
If M = 0, choose s„+i to be a string of O's longer that all the elements con- 
structed so far. Otherwise, there is s € such that 

Vto e M Sm = S. 

Set Sn+i — s. Now, choose t„+i above all the elements constructed so far and 
such that 

i) Vm e M (t„+l(|U|) = 1) ^ {d^^Xn+i,Xrn) = 2). 

ii) Vm i M (t„+i(|t„,|) = 1) ^ {d^^ixn+i,x„,) = 7). 

iii) {s„+i,t„+i}< e X. 

i) and ii) are easy to satisfy because all the tm's have different heights. As for 
iii), |s„+i| < \tn+i\ and t„_|_i(|s„_|_i|) = are also easy (again because all heights are 
different) while s„-|_i <iex tn+i is satisfied because s„+i being a string, |s„-|_i| < 
\tn+i I implies Sn+i <iex tn+1- After uj steps, we are left with {{s„, t„} : rt e a;} C X 
isometric to U5. Observe that actually, this construction shows that Us embeds 
into any subspace of ([2<'^]^,ci) supported by a strong subtree of 2<'^. 

Now, to prove that Us is indivisible, it suffices to prove that given any x ■ 
([2^'^]^, d) — > k where k G oj is strictly positive, there is a strong subtree T of 2^'^ 
such that X is constant on [T]^ n X. But this is guaranteed by Milliken theorem: 
Indeed, consider the subset A :— {0,01}. Then using the notation introduced for 
theorem [Ml [^]Em = X. So the restriction x \ [^Ism is really a coloring of X, 
and there is a strong subtree T of height uj such that [A] Em \ T = [T]"^ Ci X is 
X" monochromatic. 

2.5.3. {2,3,7,14} 

Us is obtained from U2 by multiplying the distances by 7 and then blowing 
up the points to copies of \J{2,3}- U2 and U{2,3} being indivisible, so is Us- 

2.5.4. {2,3,7,15} 

Us is composed of countably many disjoint copies of U{2,3,7} and the dis- 
tance between any two points not in the same copy of U{2.3,7} is always 15. The 
indivisibility of U|2,3.7} consequently implies that Us is indivisible. 

2.6.1. {2,6,7,8} 

In this case, indivisibility of Us can be proved thanks to the method of 2.5.1. 
except that instead of [2<"]^, one works with [3<'^]^ and d{{s, i}<, {s', t'}<) defined 
on the set [3<'^]2 of pairs of 3<'^ by: 

{2 if s = s' 

6 if s 7^ s' and t'(|t|) = 0. 

7 if s 7^ s' and t'(|t|) = 1. 

8 if s 7^ s' and t'{\t\) = 2. 
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2.6.3. {2,6,7,12} 

Again, we apply Milliken's theorem. Consider E the standard graph structure 
on 2<'^ and define d{{s,t}<,{s',t'}<) by: 

{2 if s = s' and {t, t'} G E. 

6 if s ^ s' and {s, s'} ^ E and {t, t'} (f. E. 

7 if s 9^ s' and {s, s'} ^ ^ and {t, t'} G iJ. 

12 if s ^ s' and {s, /} e 

Then one can check that d is a metric on [2<'^]^ and that ([2<'^]^, d) and U5 
embed into each other. Milliken's theorem provides indivisibility. 

2.6.6. {2,6,7,15} 

U5 is composed of countably many disjoint copies of U{2.6,7} &nd the dis- 
tance between any two points not in the same copy of U{2,6,7} is always 15. The 
indivisibility of U{2.6,7} consequently implies that Ug is indivisible. 

2.8.1. {1,4,6,7} 

Let / : {1,4,6,7} — > {2,6,7,12} be such that /(I) = 2, /(4) = 7, /(6) = 6 

and /(7) = 12. Then observe that / establishes an isomorphism between Ug and 
U{2,6,7,i2} (case 2.6.3). U{2, 6,7,12} being indivisible, so is Ug. 

2.8.2. {1,4,6,8} 

Us is obtained from U{4 6,8} after having blown the points up to copies of Ui. 
Its indivisibility is a direct consequence of the basic infinite pigeonhole principle 
and of the indivisibility of U{4^6,8}- 

2.8.3. {1,4,6,10} 

U5 is obtained from U{4^e^io} after having blown the points up to copies of Ui. 
Its indivisibility is a direct consequence of the basic infinite pigeonhole principle and 
of the indivisibility of U{4^6,io}- 

2.8.5. {1,4,6,13} 

Us is composed of countably many disjoint copies of U{i 4 gj and the dis- 
tance between any two points not in the same copy of U|^x 4 gj is always 13. The 
indivisibility of U{i^4^g} consequently implies that Ug is indivisible. 

2.9.1. {2,5,9,10} 

{2,5,9,10} ~ {1,4,6,7}, so Ug is isomorphic to the space in 2.8.1 and is 
indivisible. 

2.9.3. {2,5,9,14} 

{5,6,9,14} {1,4,6,10}, so Ug is isomorphic to the space in 2.8.3 and is 
indivisible. 

2.9.5. {2,5,9,19} 

Us is composed of countably many disjoint copies of U{2.5,9} and the dis- 
tance between any two points not in the same copy of U{2,5,9} is always 19. The 
indivisibility of U{2,5,9} consequently implies that Ug is indivisible. 
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2.10.1. {1,3,7,8} 

This case is another instance where MilUken's theorem is useful. Consider E 
the standard graph structure on and define d{{s, t, «}<, {s', t', u'}<) by: 



Then one can check that d is a metric on [2^'^]'^. ([2^'^]'^, c?) embeds into Us 
because d takes values in S. Conversely, given any strong subtree T of 2^^^, U5 
embeds into [T]^ n Y where Y c [2^'^]'^ given by all the triples {s, t, u}< such that 



Equivalently, Y = [B]Em with B = {0,10,110}. These facts allow to apply 
Milliken's theorem and to deduce indivisibility of Ug. 

2.10.2. {1,3,7,10} 

Us is obtained from U{3 710} after having blown the points up to copies of Ui. 
Its indivisibility is a direct consequence of the basic infinite pigeonhole principle and 
of the indivisibility of U {3^7^10}- 

2.10.3. {1,3,7,14} 

Us is obtained from U|3^7^i4} after having blown the points up to copies of Ui. 
Its indivisibility is a direct consequence of the basic infinite pigeonhole principle and 
of the indivisibility of U{3 7 14}. 



1 if s = s' and t = t'. 

3 if s = s' and t ^ t'. 

7 if s ^ s' and {u, u'} e E. 

8 lists' and {m, u'} ^ E. 




2.10.4. {1,3,7,15} 

Us is ultrametric with four distances, hence indivisible. 



Appendix C. On the universal Urysohn space U. 



The purpose of this appendix is to provide some additional information about 
the Urysohn space U. As aheady mentionned, U was originally constructed by P. 
Urysohn in 1925 in order to show that there is a separable metric space into which 
every separable metric space embeds isometrically. In the original paper, U was 
obtained as the completion of Uq which was constructed by hand and inductively. 
Here are the main features of U as presented in |91) but using our terminology: 

Theorem 77 (Urysohn). 

(1) For every finite subspace X <Z U and every Katetov map f over X, there 
is X € U realizing f over X. 

(2) Every separable metric space embeds isometrically into U. 

(3) U is ultrahomogeneous. 

(4) U is the unique complete separable metric space satisfying (2) and (3). 

(5) U is path connected and locally path connected. 

(6) U includes two isometric subspaces X and Y such that no isometry from 
U onto itself maps X onto Y. 

Some 30 years later, in [43j . Huhunaisvili improved the result (3) about ultra- 
homogeneity: 

Theorem 78 (Huhunaisvili) . Let f : X — > Y be a bijective isometry between 
two compact subspaces of U. Then ip can be extended to an isometry of U onto 
itself. 

However, together with an article by Sierpinski [87 , Huhunaisvili's contribution 
represents the only study about U between 1927 and 1986 (There is an article in 
1971 by Joiner but the main result is only the rediscovery of a subcase covered 
by Huhunaisvili's theorem). In 1986, Katetov provided in [45j the construction 
of Uq presented in Chapter 1 (Note that what we called here Katetov functions 
were undoubtedly introduced and used earlier. For example, they already appear 
in some work by Isbell in 1964, see [44j . or later in 1974 and 1984 in some articles 
of Flood, cf [18] and [19j ). Thanks to the work of Uspenskij, this new approach 
became the starting point of a new period of interest for U. Today, research about 
U and the topological group iso(U) of its surjective isometrics (equipped with 
the pointwise convergence topology) is well alive, as illustrated by the workshop 
organized recently in Be'er Sheva (May 2006). In what follows, we present a short 
selection of the main results from the last 20 years. For a more detailed presentation, 
the reader should refer to [25j . [74j . [75j . or to the original papers. Another source 
of reference is also [80], the proceedings volume of the aforementioned workshop 
which appeared in Topology and its applications. 
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APPENDIX C. ON THE UNIVERSAL URYSOHN SPACE U. 



We start with a result which completes the work carried out by Urysohn and 
Huhunaisvili about ultrahomogeneity. It is quite surprising that after having re- 
mained unsolved for such a long time, it was obtained recently, independently and 
simultaneously by two persons. 

Theorem 79 (Ben Ami [2], Melleray [56]). Let X be a Polish metric space. 
TFAE: 

i) X is compact. 

ii) If Xq and Xi are isometric copies of X inside U and Lp : Xq — > Xi, 
then ip can be extended to an isometry of U onto itself. 

Here are two other theorems about the intrinsic geometry of U: 

Theorem 80 (Melleray, [56]). Let (p G iso(i7) whose orbits have compact clo- 
sure. Then the set of fixed points of ip is either empty or isometric to U. 

Theorem 81 (Melleray, [56] ). Let X be a Polish metric space. Then there is 
ip in iso(C/) whose set of fixed points in U is isometric to U. 

Next, we present the structures which are supported by U. We start with the 
topological characterization of U: 

Theorem 82 (Uspenskij [93]). U is homeomorphic to ii. 

Next, recall that a group is monothetic if it contains a dense subgroup isomor- 
phic to the additive group of the integers Z. 

Theorem 83 (Cameron- Vershik 7 ). U admits the structure of a monothetic 
Polish group. 

This result has to be compared with the following one, due to Holmes: 

Theorem 84 (Holmes |41j ). When U is embedded isometrically into a Banach 
space with a fixed point sent to the zero element of the Banach space, any finite 
subset of the copy of U which does not contain xo is linearly independent and the 
closed linear span of the copy of U is uniquely determined up to linear isometry. 

It follows that U does not support the structure of Banach space. Indeed, 
calling (U) the Banach space provided by the previous theorem, (U) cannot have U 
as underlying set: Otherwise, (U) would be an ultrahomogeneous Banach space but 
we mentioned in Chapter 1 that the only ultrahomogeneous Banach space is •^2- (U) 
is a wild object but is better understood today in the context of so-called Lipschitz- 
free spaces. For example, a recent theorem from Godefroy and Kalton |27j allows 
to show that every separable Banach space embeds linearly and isometrically into 
(U). However, many basic questions about (U) remain unanswered. For example, 
does that space admit a basis? Nevertheless, (U) turned out to be helpful in the 
resolution of certain problems, as in [57] where it allowed to reach a result about 
the complexity of the isometry relationship between separable Banach spaces. 

We finish our first list of properties related to U by a theorem due to Vershik 
[94j . We wrote in the introduction that in some cases, Frai'sse limits can be seen 
as random objects. U is only the completion of a Frai'sse limit but a result of very 
similar flavor seems to hold. We state it following Pestov ( [74j . p. 143): 
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Theorem 85 (Vershik). Let M be the set of all metrics on lo and let P{M) 
be the set of all probability measures on M . Then, for a generic /i G P(Af), the 
completion of (oj, d) is isometric to U fi-almost surely in d £ M . 

We now turn to properties related to iso(U), starting with the foUowing theorem 
due to Uspenskij: 

Theorem 86 (Uspenskij [92]). Every second countable topological group is 
isomorphic to a topological subgroup o/iso(C/). 

In fact, more can be said: 

Theorem 87 (Meheray [55j ). For every Polish group G, there is a closed 
subspace X of U such that G = {iy9 G iso( If) : if" X = X}. 

On the other hand, there are also some informations about the actions of iso(U): 

Theorem 88 (Pestov [73j ). Every continuous action of iso{ If) on a compact 
space admits a fixed point. 

As mentioned several times in the body of the present paper, this result is par- 
ticularly important for our present work because it can be proved via combinatorial 
methods. However, we should emphasize that in fact, iso(U) satisfies a stronger 
property called the Levy property and which implies the previous theorem, see |74| 
or [76j . 

Other problems concerning iso(U) can be attacked via combinatorics. For 
example, the following result announced by Vershik |95j and proved independently 
by Solecki [88j can be seen as a metric version of the well-known result about the 
extension of partial isomorphisms of finite graphs due to Hrushovski [42] . 

Theorem 89 (Solecki [88j, Vershik [95])- Let X be a finite metric space. Then 
there is a finite metric space Y such that X G Y and such that every isometry ip 
with dom((/3), ran((/j) d X of X extends to an isometry of Y onto itself. 

The importance of this result is related to the following concepts. For a Polish 
group G and n £ uj, the diagonal action of G on G" is the action defined by: 

g ■ (hi, hn) = {ghig-^, . . .,ghng~^). 
An element (hi, . . . ,hn) of G" is cyclically dense if for some g £ G, the set 
{g'^ ■ {hi, ... , hn) : fc G cj} is dense in G". 

Theorem 90 (Solecki [88]). All the diagonal actions ofiso{U) have cyclically 
dense elements. 

Theorem 91 (Solecki [88j ). There are two elements of iso(lf) generating a 
dense subgroup. 

The last result we finish with comes from [47j and provides a so-called recon- 
struction theorem. The core of the proof is again related to metric combinatorics 
and extension properties in the Urysohn space. However, it seems to us that this 
result deserves a particular attention because while most of the previous results 
deal with isometries, this one concerns a broader class of maps: For metric spaces 
X and Y, call a homeomorphism g : X — > Y locally bi-Lipschitz if every x G X 
has a neighborhood U such that g \ U is bi-Lipschitz. Let i(X) denotes the set of 
all bi-Lipschitz homeomorphisms of X, then: 
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Theorem 92 (Kubis-Rubin). Let X and Y he open subspaces of U. Suppose 
that if is a group isomorphism between L{X) and L{Y). Then there is a locally 
bi-Lipschitz homeomorphism t between X and Y such that: 

\/geL{X) ^{g)=TogoT-K 



Bibliography 



[1] J. Auslander, Minimal flows and their extensions, North Holland, 1988. 
[2] E. Ben Ami, Private communication, 2005. 

[3] S. A. Bogatyi, Universal homogeneous rational ultrametric on the space of irrational 

numbers, Moscow Univ. Math. Bull, 55, 20-24, 2000. 
[4] S. A. Bogatyi, Metrically homogeneous spaces, Russian Math. Surveys, 52, 221-240, 

2002. 

[5] F. CabcUo Sanchez, Regards sur le probleme des rotations de Maaur, Extracta Math., 
12, 97-116, 1997. 

[6] F. Cabello Sanchez, A theorem on isotropic spax;es, Studia Math., 133 (3), 257-260, 
1999. 

[7] P. J. Cameron and A. M. Vcrsliik, Some isometry groups of Urysohn space, Ann. Pure 

Appl. Logic, 143 (1-3), 70-78, 2006. 
[8] F. Delon, Espaces ultrametriques, J. Symbolic Logic, 49, 405-422, 1984. 
[9] C. Delhommc, C. Laflamme, M. Pouzct and N. W. Sauer, Divisibility of countable 

metric spaces, European J. Combin., 28 (6), 1746—1769, 2007. 
[10] J. Dieudonnc, Sur la completion des groupes topologiques, C. R. Acad. Sci. Paris, 

218, 774-776, 1944. 

[11] M. El-Zahar and N. W. Saucr, The indivisibility of the homogeneous Kn-hee graphs, 

J. Combin. Theory Ser. B, 47, 162-170, 1989. 
[12] M. EL-Zaliar and N. W. Sauer, On the Divisibility of Homogeneous Hypergraphs, 

Combinatorica, 14, 1-7, 1994. 
[13] M. El-Zahar and N. W. Sauer, Indivisible homogeneous directed graphs and a Game 

for Vertex Partitions, Discrete Math., 291, 99-113, 2005. 
[14] P. Erdos, R. L. Graham, P. Montgomery, B. L. Rothschild, J. H. Spencer and E. G. 

Straus, Euclidean Ramsey theorems, J. Combin. Theory Ser. A, 14, 341-63, 1973. 
[15] P. Erdos and A. Hajnal, Unsolved problems in set theory, Amer. Math. Soc. Proc. of 

Symposia in Pure Math., Vol. XIII, 17-48, Part 1 (1971). 
[16] P. Erdos and A. Renyi, Asymmetric graphs, Acta Math. Acad. Sci. Hungar., 14, 295— 

315, 1963. 

[17] B. Fichet, Lj,-spaces in data analysis. Classification and Related Methods of Data 
Analysis, North-Holland Publishing Co., Amsterdam, 439-444, 1988. 

[18] J. Flood, Free Topological Vector Spaces, Ph.D. thesis, Australian National University, 
Canberra, 1975. 

[19] J. Flood, Free locally convex spaces. Dissert. Math. (Rozprawy Mat.), 221, 1984. 
[20] W. L. Fouelic, Symmetries and Ramsey properties of trees, Discrete Math., 197/198, 
325-330, 1999. 

[21] R. Frai'sse, Sur I'extension aux relations de quelques proprietcs des ordres, Ann. Sci. 

Ecole Norm. Sup., 71, 363-388, 1954. 
[22] R. Fraisse, Theory of relations. Studies in Logic and the Foundations of Mathematics, 

145, North-Holland PubUshing Co., Amsterdam, 2000. 
[23] P. Frankl and V. Rodl, A partition property of simplices in Euclidean space, J. Amer. 

Math. Soc, 3, 1-7, 1990. 
[24] M. Frcchet, Sur quelques points du calcul fonctionnel. Rend. Circ. Mat. Palermo, 22, 

1-74, 1906. 

[25] S. Gao and A. S. Kecliris, On the classification of Polish metric spaces under isometry, 
Mem. Amer. Math. Soc, 161, 2003. 



139 



BIBLIOGRAPHY 



[26] E. Glasner and B. Weiss, Minimal actions of the group 5(2) of permutations of the 

integers, Geom. Fund. Anal, 12, 964-988, 2002. 
[27] G. Godefroy and N. J. Kalton, Lipschitz-free Banach spaces, Studia Math., 159 (1), 

121-141, 2003. 

[28] W. T. Gowers, Lipschitz functions on Classical spaxies, Europ. J. Combinatorics, 13, 
141-151, 1992. 

[29] R. L. Graham, Recent trends in Euclidean Ramsey theory, Discrete Math., 136, 119- 
127, 1994. 

[30] R. L. Graham, K. Leeb and B. L. Rothschild, Ramsey's theorem for a class of cate- 
gories. Advances in Math., 8, 417-433, 1972. 

[31] R. L. Graham and B. L. Rothschild, Ramsey's theorem for n-parameter sets, Thins. 
Amer. Math. Soc, 159, 257-292, 1971. 

[32] R. L. Graham, B. L. Rothschild and J. H. Spencer, Ramsey theory, 2nd Edition, Wiley, 
1990. 

[33] M. Gromov and V. D. Milman, A topological application of the isoperimetric inequal- 
ity, Amer. J. Math., 105, 843-854, 1983. 

[34] L. Haddad and G. Sabbagh, Sur une extension des nombres de Ramsey aux ordinaux, 
C. R. Acad. Sci. Paris, 268, 1165-1167, 1969. 

[35] L. Haddad and G. Sabbagh, Calcul de certains nombres de Ramsey generalises, C. R. 
Acad. Sci. Paris, 268, 1233-1234, 1969. 

[36] L. Haddad and G. Sabbagh, Nouveaux resultats sur les nombres de Ramsey generalises, 
C. R. Acad. Sci. Paris, 268, 1516-1518, 1969. 

[37] A. Hales and R. Jewett, Regularity and positional games, Trans, Amer. Math. Soc, 
106, 222-229, 1963. 

[38] R de la Harpe and A. Valette, La propriete (T) de Kazhdan pour les groupes locale- 

ment compacts, Asterisque, 175, 1989. 
[39] G. Hjorth, An oscillation theorem for groups of isometries, Geom. Punct. Anal., 18, 

489-521, 2008. 

[40] W. Hodges, Model Theory, Cambridge Univ. Press, 1993. 

[41] M. R. Holmes, The universal separable metric space of Urysohn and isometric embed- 
dings thereof in Banach spaces. Fund. Math., 140, 199-223, 1992. 

[42] E. Hrushovski, Extending partial isomorphisms of graphs, Combinatorica, 12, 411— 
416, 1992. 

[43] G. E. Huhunaisvili, On a property of Uryson's universal metric space (Russian), Soviet 

Math. Dokl, 101, 1955. 
[44] J. R. Isbell, Six theorems about injective metric spaces, Comment. Math. Helv., 39, 

1964. 

[45] M. Katctov, On universal metric spaces, Gen. Topology and its Relations to Modern 
Analysis and Algebra VP. Proc. Sixth Prague Topol. Symp. 1986 (Z. Frolik, ed.), 
Hcldermann Verlag, 323-330, 1988. 

[46] A. S. Kechris, V. Pestov and S. Todorcevic, Fraisse limits, Ramsey theory, and topo- 
logical dynamics of automorphism groups, Geom. Funct. Anal., 15, 106—189, 2005. 

[47] W. Kubis and M. Rubin, Extension theorems and reconstruction theorems 
for the Urysohn universal space, Czechoslovak Math. J., to appear [preprint 
arxiv:math.MG/0504357] . 

[48] C. Laflamme, N. W. Sauer and V. Vuksanovic, Canonical partitions of universal struc- 
tures, Combinatorica, 26, 183-205, 2006. 

[49] J. A. Larson, Counting canonical partitions of the Rado graph, preprint, 2005. 

[50] K. Leeb, Vorlesungen iiber Pascaltheorie, Universitat Erlangen, 1973. 

[51] A. J. Lemin, Isometric embedding of isosceles (non-Archimedean) spaces in Euclidean 
spaces, Soviet. Math. Dokl, 32 (3), 740-744, 1985. 

[52] J. Lopez-Abad and L. Nguyen Van The, The oscillation stability problem for the 
Urysohn sphere: A combinatorial approach. Topology Appl., 155 (14), 1516-1530 , 
2008. 

[53] J. Matousek and V. Rodl, Vojtech, On Ramsey sets in spheres, J. Combin. Theory 

Ser. A, 70, 30-44, 1995. 
[54] S. Mazur, Quelques proprietes des espaces euclidiens, C. R. Acad. Sc. Paris, 207, 

761-764, 1938. 



BIBLIOGRAPHY 



141 



[55] J. McUcray, Stabilizers of closed sets in the Urysolm space, Fund. Math., 189 (1), 
53-60, 2006. 

[56] J. Melleray, On the geometry of Urysohn's universal metric space. Top. Appl, 154 (2), 
384-403, 2007. 

[57] J. Melleray, Computing the complexity of isometry between separable Banach spaces, 
MLQ Math. Log. Q., 53 (2), 128-131, 2007. 

[58] K. Milliken, A Ramsey theorem for trees, J. Comb. Theory, 26, 215-237, 1979. 

[59] V. D. Milman, A new proof of A. Dvoretzky's theorem on cross-sections of convex 
bodies, Funkcional. Anal, i Prilozen., 5 (4), 28-37, 1971 (in Russian). 

[60] E. C. Milner, A finite algorithm for the partition calculus, Proceedings of the Twenty- 
Fifth Summer Meeting of the Canadian Mathematical Congress (Lakehead Univ., 
Thunder Bay, Out.), 117-128, 1971. 

[61] J. Neseti'il, Ramsey theory, Handbook of Combinatorics, R. Graham and al. (Eds), 
1331-1403, Elsevier, 1995. 

[62] J. Nesetfil, Ramsey classes and homogeneous structures, Combin. Probab. Comput., 
14 (1-2), 171-189, 2005. 

[63] J. Nesetfil, Metric spaces are Ramsey, European J. Combin., 28 (1), 457-468, 2007. 

[64] J. Nesetfil and V. Rodl, Type theory of partition properties of graphs. Recent advances 
in Craph theory (ed. M. Fiedler), Academia, Prague, 413—423, 1975. 

[65] J. Nesetfil and V. Rodl, Partitions of finite relational and set systems, J. Comb. 
Theory, 22 (3), 289-312, 1977. 

[66] J. Ncsctfila and V. Rodl, Ramsey topological spaces. General topology and its rela- 
tions to modern analysis and algebra, IV (Proc. Fourth Prague Topological Sympos., 
Prague, 1976), Part B, pp. 333-337. Soc. Czechoslovak Mathematicians and Physicists, 
Prague, 1977. 

[67] J. Nesetfil and V. Rodl, Ramsey classes of set systems, J. Combin. Theory Ser. A, 34 

(2), 183-201, 1983. 

[68] L. Nguyen Van The, Ramsey degrees of finite ultrametric spaces, ultrametric Urysohn 

spaces and dynamics of their isometry groups, European J. Combin., to appear 

[preprint arXiv:math.CO/0710.2347]. 
[69] L. Nguyen Van The, Big Ramsey degrees and divisibility in classes of ultrametric 

spaces, Canad. Math. Bull, 51 (3), 413-423, 2008. 
[70] L. Nguyen Van The and N. W. Sauer, The Urysohn sphere is oscillation stable, GAFA, 

to appear [preprint arXiv;math.MG/0710.2884]. 
[71] E. Odell and T. Schlumprecht, The distortion problem. Acta Mathematica, 173, 259- 

281, 1994. 

[72] V. G. Pestov, On free actions, minimal flows, and a problem by Ellis, Trans. Amer. 

Math. Soc, 350, 4149-4165, 1998. 
[73] V. G. Pestov, Ramscy-Milman phenomenon, Urysohn metric spaces, and extremely 

amenable groups, Israel Journal of Mathematics, 127, 317-358, 2002. 
[74] V. G. Pestov, Dynamics of Infinite-dimensional Groups and Ramsey-type Phenomena, 

Publica<}des matematicas (IMPA, Rio de Janeiro), 2005. 
[75] V. G. Pestov, Dynamics of infinite-dimensional groups. The Ramsey-Dvoretzky- 

Milman phenomenon, AMS University Lecture Series (Providence), 40, 2006. 
[76] V. G. Pestov, The isometry group of the Urysohn space as a Levy group, Top. Appl., 

154 (10), 2173-2184, 2007. 
[77] A. Pclcziriski and S. Rolcwicz, Best norms with respect to isometry groups in normed 

linear spaces. Short Cormimnicatioiis on International Math. Congress in Stockholm, 

104, 1962. 

[78] B. Poizat, A course in model theory. Springer, 2000. 

[79] M. Pouzet and B. Roux, Ubiquity in category for metric spaces and transition systems, 

Europ. J. Combinatorics, 17, 291-307, 1996. 
[80] A. Leiderman, V. Pestov, M. Rubin, S. Solecki, V.V. Uspenskij (eds.) [Special Issue: 

Workshop on the Urysohn space, Ben-Gurion University of the Negev, Beer Sheva, 

Israel, 21-24 May 2006], Top. Appl, 155 (14), 1451-1634, 2008. 
[81] F. P. Ramsey, On a problem of formal logic, Proc. London Math. Soc, 30, 264-286, 

1930. 



BIBLIOGRAPHY 



[82] B. Randrianantoanina, A note on the Banach-Mazur problem, Glasg. Math. J., AA 
(1), 159-165, 2002. 

[83] W. Roelke and S. Dierolf, Uniform structures on topological groups and their quotients, 
McGraw-Hill, 1973. 

[84] N. W. Sauer, A Ramsey theorem for countable homogeneous directed graphs, Discrete 

Mathematics, 253, 45-61, 2002. 
[85] N. W. Sauer, Canonical vertex partitions. Combinatorics, Probability and Computing, 

12, 671-704, 2003. 

[86] S. A. Shkarin, Isometric embedding of finite ultrametric spaces in Banach spaces. 

Topology Appl, 142, 13-17, 2004. 
[87] W. Sicrpinski, Sur un cspacc mctriquc univcrscl. Fund. Math., 33, 115—122, 1945. 
[88] S. Solecki, Extending partial isometries, Israel J. Math., 150, 315-331, 2005. 
[89] S. Todorcevic, Topics in Topology, Springer- Verlag, 75-76, 1997. 
[90] S. Todorcevic, Introduction to Ramsey spaces, to appear. 

[91] R Urysohn, Sur un espace metrique universel. Bull. Sci. Math., 51, 43-64, 74-90, 
1927. 

[92] V. V. Uspenskij, On the group of isometries of the Urysohn universal metric space. 

Comment. Math. Univ. Carolinae, 31, 181-182, 1990. 
[93] V. V. Uspenskij, The Urysohn universal metric space is homeomorphic to a Hilbert 

space. Topology Appl, 139, 145-149, 2004. 
[94] A. M. Vcrshik, The universal and random metric spaces, Russian Math. Surveys, 356, 
65-104, 2004. 

[95] A. M. Vershik, Globalization of partial isometries of metric spaces and local approxima- 
tion of the group of isometries of the Urysohn space. Top. Appl, 155 (14), 1618-1626, 
2008. 

[96] I. A. Vestfrid, On a universal ultrametric space, Ukrainian Math. J., 46, 1890-1898, 
1984. 

[97] I. A. Vestfrid and A. F. Timan, An universality property of Hilbert spaces, Soviet. 

Math. Dokl, 20, 485-486, 1979. 
[98] I. A. Vestfrid and A. F. Timan, Any separable ultrametric space is embcddable into 

£■2, Fund. Anal. Appl, 17, 70-73, 1985. 
[99] S. Watson, The classification of metrics and multivariate statistical analysis. Topology 

Appl, 99, 237-261, 1999. 



